ALevelMathsRevision.com
The Modulus Function — Worked Solutions (Exam Questions)

Question 1

Worked Solution

Solve the inequality |4z — 3| < |2z + 1].

To avoid rogue solutions, sketch the graphs
y = |4z — 3| and  y=|2x+ 1|

on the same axes.

MY,

@)

The first graph has vertex at
3
dr—3=0 = z = 7

so its vertex is (%, O).

The second graph has vertex at
1
2r+1=0 = T=-3

so its vertex is (—%, O).
The critical values come from the intersections of the two graphs.
Right-hand branch of y = |4z — 3|:

4 — 3 =2z + 1|.
For the relevant branch here, 2z + 1 > 0, so

e —3=22+1 — 20 =4 — z = 2.

Left-hand branch of y = |4z — 3|:

3—4z =2z +1|.
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For the relevant branch here, 2z + 1 > 0, so

1
3—4dr=22z+1 —= 2=06z — x:§.

So the graphs intersect at x = % and x = 2.

From the sketch, |4z — 3| < |2z + 1| where the graph of y = |4z — 3| lies below the
graph of y = |2z + 1|, namely between the intersection points.

1
- <xr<?2
3 x
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Question 2

Worked Solution

Find the exact solutions of |[4x — 5| = |3z — 5|.

Sketch the graphs
y = |4z — 5| and  y= |3z — 5|

on the same axes. The solutions are the z-coordinates of their intersections.

Yy
y=—(4z —5) y = +(4x — 5)
y = (3z —5) y=+(3z —5)

@)

The vertices are at

490—5:0:>a::g7 3r — :0:95:;.

Now solve the simultaneous equations for the relevant branches.

First intersection: Both expressions are negative for small x, so

9—4x=5—-3x — z=0.
Second intersection: Between % and g, the signs are different, so
10
dr—5=5—-3r —= Tr=10 = x:7.

There are no further intersections.

:0 = -—
T or r 7
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Question 3

Worked Solution

(i) Solve the inequality |2z + 1| < |z — 3|.
Sketch the graphs

y = |2z + 1| and  y=|r—3|

on the same axes.

Their vertices are at

1
2x+1=0:x:—§, r—3=0 = z=3.

The critical values come from the intersections.

Left intersection: For z < —%, both expressions are negative, so
—(2z+4+1)=—(z—3)
—2r—1=—-x2+3
—x =4 — v =—4.
Right intersection: For —% <z <3, wehave 2r+1>0and z —3 <0, so

2t+1=—(z—-3)=3—=x

2
T T 3

2

So the graphs intersect at x = —4 and x = 3.

From the sketch, |2z + 1| < |z — 3| where the graph of y = |2z + 1] is below or equal
to the graph of y = |z — 3|, which is between these two values.
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—4<x<

Wl N

(ii) Given that z satisfies |2z + 1| < |z — 3|, find the greatest possible value
of |z +2|.
From part (i),

-
A
&
A
Wl DN

So x + 2 ranges from
2 8
—44+2=-2 to -+2=-.
+ 0 3+ 3

Hence
|z + 2|

is greatest at an endpoint, and we compare

8 8
|-2|=2, |2|==2.
3 3

8
max|a:+2|=§
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Question 4

Worked Solution

Solve the equation |3z + 4a| = 5a, where a is a positive constant.

Sketch the graph
y = |3z + 4al|

and the horizontal line
Yy = da.

y = —{3z + 4a) i

The solutions are the z-coordinates of the points of intersection.
Since
|3z + 4a| = ba,
there are two branches to consider.
Right-hand branch:

3x+4a=50 — 3x=a — x =

a
3
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Left-hand branch:

—(3z+4a)=5¢ = —-3z—4a=5s = —-3z=9% = z=-3a.

a
r=—-3a0rx=—
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Question 5

Worked Solution

The functions are

f@) =lal,  g@)=3z+5 )= gg(e).
First find h(x):

h(z) = g(g9(x)) = g(3z + 5) = 3(3z + 5) + 5 = 9z + 20.

(i) Solve g(z +2) = f(—12).

Since
f(=12) = [ - 12| = 12,
we solve
g(x +2)=12.
Now
g(x+2)=3(x+2)+5=3x+ 11,
SO

1
3z+11=12 = 3z=1 = x:§.

W =

(ii) Find h~'(2).

Let
y = 9z + 20.

Rearrange to make x the subject:

—20
9r =y — 20 = x:y 9
Hence 20
i) =2 =2
(0) =25
x — 20
Bt =
(0) = 25

(iii) Determine the values of x for which = + f(z) = 0.

We need to solve
z+|z| =0.
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If x >0, then |z| = z, so

r+r=0 —= 20 =0 — x=0.

If x <0, then |z| = —z, so

which is true for every x < 0.

Hence all non-positive values of x satisfy the equation.
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Question 6

Worked Solution

It is given that |x + 3a| = ba, where a is a positive constant. Find, in terms of a, the
possible values of

|z + Ta| — |z — Tal.

First solve
|z + 3a| = 5a.

Using the graph of y = |z + 3a| and the line y = 5a, or equivalently solving each
branch,

AN /

y = —(z + 3a) y=1x+3a
. @
O

T+ 3a =5 — x = 2a,

and
—(x+3a) =5¢ = —1r =81 = z = —8a.
So there are two possible values of x.
Case 1: z =2a
|z + 7Ta| — |z — Ta|l = |2a + Ta| — |2a — 7a| = |9a| — | — ba| = 9a — 5a = 4a.

Case 2: z = —8a
|z +7al — |x —Ta|=|—8a+Ta| — | —8a—"Ta| = | —a| — | — 15a| = a — 15a = —14a.
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Question 7

Worked Solution

The functions are

f(z) = |2z + a| + 3a, g(x) = bz — 4a,

where a > 0.
(i) State the range of f and the range of g.
Since |2z + a| > 0,
f(z) = |2z + a| + 3a > 3a.

The minimum value 3a occurs when 2z +a = 0, i.e. when x = —g. So the range of f
is
[3a, 00).

The function g(x) = 5z — 4a is linear with no restriction on x, so its range is all real
numbers.

Range of f = [3a, 00), Range of g =R

(ii) State why f has no inverse, and find an expression for g~'(z).

The graph of f is a V-shape, so it is not one-to-one: different values of x can give the
same value of f(z). Therefore f has no inverse function on all real numbers.

To find g~ (), let

y = 5z — 4a.
Then
r=y+4da — == y—;4a.
Hence 1 4 4a
g (@)= ——.
f has no inverse because it is not one-to-one, g_l(.r) 7 —24a

(iii) Solve for = the equation ¢f(z) = 3la.

First compose the functions:

gf(z) = g(f(z)) =5f(z) — 4a = 5(|]2z + a| + 3a) — 4a.

S0
gf(z) = 5|2z + a| + 15a — 4a = 5|2z + a| + 11a.

11
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Set this equal to 3la:
522 + a| + 11a = 31a

512z 4+ a| = 20a
|2z + a| = 4a.

Now sketch the graph y = |2z + a| and the line y = 4a. The solutions are the two
intersection points.

Right-hand branch:

2r+a =40 — 2z =3a — x=32—a.

Left-hand branch:

5
—(2x4+a)=4a = —-2r—a=4a = —2x =510 = ;C:_?a,

12
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Question 8

Worked Solution

The given graph is y = —sin !(z — 1).

(i) Give details of the pair of geometrical transformations which transforms

the graph of y = —sin"'(z — 1) to the graph of y = sin ' z.

Starting with
y = —sin"!(z — 1),

reflect in the z-axis to get
y =sin"'(z - 1).

Then translate 1 unit to the left to get

y =sin"'z.

Reflect in the z-axis, then translate 1 unit left. ]

(ii) Sketch the graph of y = | —sin™'(z — 1)|.

Since
| —sin™'(z — 1)| = |sin™}(z — 1)],

we keep the part of the graph above the z-axis unchanged and reflect the part below
the x-axis in the z-axis.

The original graph crosses the z-axis at = 1, and has endpoints
(Ovz) and (2>_£)'

So the new graph runs from (0, ) down to (1,0), then back up to (2, 7).

(SJE]

f T

O 1

(iii) Find the exact solutions of | —sin™'(z —1)| = %.

Using the sketch from part (ii), draw the horizontal line

-
y=3-

It meets the graph at two points.

13
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Since
—sinlw—1)| =2 e |sinM&—1)| =2,
3 3
we have
sin'(z — 1) = 4T
3
Thus Vv
. T
r — 1 =sin (:I:g) = :I:T'
So

14
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Question 9

Worked Solution

The functions are

f(z) =3z — 2, g(x) =3z +7.

(i) Find the exact coordinates of the point at which the graph of y = fg(z)
meets the r-axis.

First compose the functions:
fg(z) = f(g(x)) =3Bz +7) —2 =9z + 19.

At the z-axis, y =0, so
19
9z +19=0 = z=——.

9
19
—=0
(5)

(ii) Find the exact coordinates of the point at which the graph of y = g(z)
meets the graph of y = ¢ '(xz).

First find the inverse of g:

y=3r+7 = x:yT_?

Hence

g‘l(x)=xg7-
Now solve o

S5 4 T = 5
Multiply by 3:

9 4+2l =2 -7

8r =—-28 — x:—;.
Then
P L PO ¥

(iii) Find the exact coordinates of the point at which the graph of y = |f(z)|
meets the graph of y = |g(x)|.
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We need to solve
|3z — 2| = |3z + 7.

Sketch the graphs
y = |3z — 2| and  y=|3x+7|

on the same axes.

y=3z—2
y=—03z+7) 3z + 7

Their vertices are at

7
—=,0).
)

The intersection occurs where one inside expression is positive and the other negative,
so solve
3z —2=—3z+7).

Then
3r—2=-3x—7

)

Now find the corresponding y-value:

5 5 9] 9
=3(-2)-2/=|-S-2|=|-2|=2.
=l (-6) 2|2 -1 = |3l =3

End of Worked Solutions
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