ALevelMathsRevision.com
Reciprocal Trig Functions and Compound Angles — Worked Solutions (Sheet 2)

Question 1 (Trig Identity & Equation)

Worked Solution

(a) Prove that 2cot 2z +tanx = cotz, = # %, n € Z.

2cot2x +tanx = + tanx
tan 2z
2(1 — tan®z) 1 —tan®z
= ———— 4+ tanz = —— +tanz
2tanx tan x
1 —tan?z + tan? x 1
= = =cotx V
tanx tanx

(b) Solve 6 cot 2z + 3tanz = sec’ x — 2 for —7 < z < 7.

Rewrite:
3(2cot 27 + tanz) = sec’ z — 2

Using part (a):
3cotx =sec’r — 2

Use sec? x = 1 + tan? z:

3cotz =1+tan’z —2 =tan’z — 1

Rewrite in terms of cot z:
3cotx = cot?z — 1

cot?z —3cotz —1=0

Solve:
3++v13
cotxr = ———
2
; 2
any = ———
3+ +v13
Numerically:

tanz ~ 0.303 = = ~ 0.294, —2.848
tanzr ~ —3.303 = z ~ —1.277, 1.865

r ~ —2.848, —1.277, 0.294, 1.865
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Question 2

Worked Solution

cos A +sin A A%(anl)ﬂ'

(a) Prove that sec2A + tan2A =

7.
cos A —sin A’ €
1 +sin2A_ 1+ sin2A
cos2A  cos2A  cos2A
Use sin 24 = 2sin A cos A and cos 24 = cos? A — sin? A:

sec2A + tan2A =

_ 1+2sinAcosA (cos A + sin A)? __cosA+sinA v
~ cos2A—sin? A (cosA+sinA)(cos A —sinA)  cos A —sin A

1
(b) Solve sec 26 + tan 20 = 5 for 0 <0 < 27.

From part (a): 0 1
cos 0 + sin

cosf —sinf 2
2(cos @ +sinf) = cosf —siné

2cosf +2sinf = cosf — sin b
1
cosf = —3sinf = tanf = -3

0=m— arctan% ~2820 or 6=27— arctan% ~ 5.961

0 ~ 2.820, 5.961
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Question 3

Worked Solution

2n+ D)m
2

(a) Prove that 1 — cos 260 = tan 0 sin 26, 0 # , n € Z.

Starting from the right-hand side:

sin 6

tan @ sin 260 = .2sinfcosh = 2sin’6 = 1 — cos 26 v

COS

(b) Solve (sec?z — 5)(1 — cos 2z) = 3 tan® z sin 2z for —g <z< g

Using the result from (a), 1 — cos 2z = tan x sin 2z:
(sec’ x — 5) tan x sin 22 = 3 tan? x sin 2z
Either sin 2z = 0 (giving z = 0), or divide through by sin 2z:
(sec’>z — 5)tanx = 3tan’x
Either tanx = 0 (giving = = 0), or divide by tan z:

sec’r —5=3tanz

Use sec? x = 1 + tan? z:
1+tan’z — 5 =3tanx
tan?z — 3tanx — 4 =0

(tanx — 4)(tanz + 1) =0

tanxr =4 — = ~ 1.326 tanx = -1 — x:—%

s
=0, ——, 1.326
x ) 4a
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Question 4

Worked Solution

(i) Solve 4sinx = secx for 0 <z < g

4dsinx = — 4sinxcosr =1 — 2sin2x =1 — simQx:1
cosST 2
2 =~ or 2x:5—7r — 1= — on
6 6 127 12
w5
T 12

(ii) Solve 5sinf — 5cosf = 2 for 0 < 6 < 360°.
Express as Rsin(f —a): R = /52 +52 =52 tana =1 = a = 45°

2 V2
5v/2sin(f — 45°) = 2 —> sin(f — 45°) = —— = X~
sin( ) sin( ) B .

0 — 45° — arcsin g ~164° or 180° — 16.4° = 163.6°
0 ~61.4° or 6=~ 208.6°

0 ~ 61.4°, 208.6°
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Question 5

Worked Solution

(a) Show that csc2x + cot 2z = cot z, x # 90n°, n € R.

1 cos 2z 1+ cos2z
csc2x + cot 20 = — 9P = = -
sin2x  sin2x sin 2x

Use 1 + cos 2z = 2 cos? x and sin 2z = 2sin x cos z:

2cos’ x coS T
= — = — = cotx ve
2sIn x cos x sinx

(b) Solve csc(46 + 10°) 4 cot(40 + 10°) = /3 for 0 < 6 < 180°.
Using the result from (a) with x = 26 4 5°:

cot(20 4+ 5°) = /3

1
tan(20 + 5°) = — => 20 +5° =30° = 0 = 12.5°

V3
Next solution: 26 + 5° = 30° 4+ 180° = 210° = # = 102.5°

0 =12.5°, 102.5°

(@
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Question 6

Worked Solution

(a) Prove that sin2z — tanx = tanx cos 2z,  # (2n + 1)90°, n € Z.

, , sinx  2sinzcos’z —sinx  sinz(2cos?x — 1)
sin2x —tanx = 2sinx cosx — = =
CcosS T CcoS T CcosS T

sin
= - (2cos’x — 1) = tan x cos 2 v
cos T

(b) Solve sin2x — tanz = 3tanxsinx for 0 < z < 360°.

Using the identity:
tanz cos2x = 3tanxsinx

tan x(cos 2z — 3sinx) = 0

Case 1: tanz =0 =z = 0°, 180°
Case 2: cos2zx = 3sinz. Use cos2z = 1 — 2sin’ z:
1—2sin?z =3sinz = 2sin’z+3sinz—1=0

—3++/9+8 -3x17
4 4

sinx =

-3+ V17
4
(Negative root: sinz ~ —1.78 — rejected)

Taking the positive root: sinz = ~ 0.2808 = x ~ 16.3°, 163.7°

z=0° 16.3°, 163.7°, 180°
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Question 7

Worked Solution

(i) Show csc2x = Acscxsecx and state A.

1 1 1 1 1

csc2r = — = == — = —cscxrsecy
sin 2x 2sin x cos x sinx cosz

(ii) Solve 3sec? + 3sec = 2tan? 6 for 0 < 6 < 27. Give answers in terms of 7.
Use tan? 0 = sec? 6 — 1:
3sec’ § + 3secl = 2(sec’ — 1)
sec’f +3sec +2 =0
(secO +2)(secd +1) =0
2 4w

1
S = ==, —
2 373
secl =—1 = cosl=—-1 = 0=

sec = —2 = cosf = —
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Question 8

Worked Solution

1 cos 20 .
S5m0 sno8 =tanf, 0 #90n°, n € Z.

(a) Prove that

1—cos20 1—(1—2sin*f)  2sin’6 sin 0

sin20  2sinfcosé _2sin0005020080:tan9 v
(b)(i) Show that tan 15° = 2 — /3.
Using the result with 8 = 15° (so 26 = 30°):
1—cos30° - v
tan 15° = ;1(1:(1)’)800 = 12 =23 v
2

(b)(ii) Solve csc4x — cotdx =1 for 0° < z < 360°.
From the identity with 6 = 2x:
tan2zx =1 = 2z = 45° + 180°k

2z = 45°, 225°, 405°, 585°
z = 22.5°, 112.5°, 202.5°, 292.5°

r = 22.5°, 112.5°, 202.5°, 292.5°
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Question 9

Worked Solution

Find all solutions of 2cos26 = 1 — 2sinf in the interval 0 < 6 < 360°.

Use cos20 = 1 — 2sin® 6:
2(1 — 2sin?6) =1 — 2sind

2 —4sin’0 =1—2sinf
4sin’0 — 2sinf —1 =0

2++/4+16 2+v20 1+4/5

i
Sin 8 8 4
1
sinf = +4\/5 =~ (0.809: 0 = 54° or O = 126°
sin ) = 1 _4\/3 ~ —0.309: 0 = 198° or O = 342°

6 = 54°, 126°, 198°, 342°
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Question 10

Worked Solution

sin 0 C.OSG = 2csc 20, 6 # 90n°.
cosf  sinf

(a) Prove that

sinf  cos sin? @ + cos? 6 1 2

cos@  sinf cosfsinf cosf@sinf 2sinfcosfd  sin20 SR /

(b) Sketch y = 2csc 26 for 0° < 6 < 360°.

The graph has vertical asymptotes at § = 0°,90°, 180°, 270°, 360°, with turning points
at y = £2 and four branches (two positive, two negative).

—ocfden) 1\ [
Jd\ S
N NS
? ? ? 0,

90° 180° 270° 360°
—27 | | | |
]

sinf  cos@

(c) Solve = 3 for 0° < 6 < 360°.

cosf  sind

From (a): 2csc20 = 3 = sin260 =

[SVI )

20 = 41.8°, 138.2°, 401.8°, 498.2°

6 = 20.9°, 69.1°, 200.9°, 249.1°

6 = 20.9°, 69.1°, 200.9°, 249.1°

End of Worked Solutions

10



