ALevelMathsRevision.com
Year 2 Pure — Integration Involving Trigonometric Functions

Question 1  (OCR 4724, Jun 2006, Q8i)

Worked Solution

Show that /(3052 6x dr = %az + 2—14 sin 12z + c.

1 20
Use the double-angle identity cos? = H% with 6 = 6x:

cos® 6z = 1(1 + cos 12z).

Integrate term by term:

/00326xda::/%(1+00812x)da::%x+%~ésin12x+c.

/cos26xdx: le+ Lsinl2z+¢ v
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Question 2 (OCR 4724, Jun 2012, Q7)

Worked Solution

Find the exact value of /8 (1 — sin 3x)* du.
0

Step 1: Expand the square.

(1 —sin3x)? = 1 — 2sin 3z + sin® 3.
Step 2: Replace sin® 3z using sin®§ = (1 — cos26) with 6 = 3a:
sin® 3z = 1(1 — cos 6z).
So the integrand becomes:
1 —2sin3z + 3(1 — cos6z) = 2 — 2sin 3z — 5 cos 6.

2

Step 3: Integrate.
/8 /s
/0 (%—281ﬂ3$—%60863§)d:€: [%x—i—%cos&c—%sin&c}g .

Step 4: Evaluate at the limits.

Atz = g:
%-%-I—%COS%” — %Sin% = %-I—%COS%” — %Sin%.
Note sin %” = ‘/75 and cos %’T = sin T, but using the mark-scheme approach directly:
Atz=0: 0+2(1)-0=2
Subtracting: the exact value simplifies to
R

Following the mark-scheme route (verify 2z gives 32 and the —2 comes from subtract-
ing the lower limit’s 2):

3r 2 2 3 V2

R — p— S___

6 3 3%

Note: The mark scheme quotes }171' + their —% for the boundary terms from the two
integrations.
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Question 3 (OCR 4724, Jun 2016, Q2)

Worked Solution

L
Find the exact value of /8 (9 — 6 cos® 4x) dx.

1
Eﬂ—

Step 1: Replace cos® 4z.
cos? 4z = 1(1 + cos 8x).

So:
9 —6cos’4r =9 — 3(1 + cos8z) = 6 — 3 cos 8.

Step 2: Integrate.
/(6 — 3cos8z) dx = 6z — 2sin8xz + c.

Let F(z) = 6z — 2 sin 8x.
Step 3: Apply limits.
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Question 4 (OCR 4724, Jun 2013, Q5)

Worked Solution

1
(i) Show that -
l1—tanx 1+tanx

= tan 2x.

Combine over a common denominator (1 — tanz)(1 + tanz) = 1 — tan? x:

(1+tanz) — (1 —tanx)  2tanz

= =tan2x. Vv
1 —tan?g 1—tanlzy 4%
. 2tanx
(using the double-angle formula tan 2z = ————.)
1 —tan“x
LY 1
(ii) Hence evaluate / ( — ) dx, giving your answer in the form
Llr 1—tanz 1+tanx
alnb.
/6
By part (i) this equals / tan 2z dx.
w/12

Integrate: /taan dz = 3In|sec2z| 4+ ¢ = —5In|cos2z| + c.

Let F(z) = —3 In|cos 2z|.
Apply limits:

F(%) = —%ln‘cosﬂ = —%ln% = %1112-
F(5) = -thleosF| =~} = g = I

1
ZIHS
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Question 5 (OCR 4724, Jan 2010, Q3)

Worked Solution

1
37 cos 2x
By expressing cos 2z in terms of cosz, find the exact value of /

2
1r COS*T

dz.

Step 1: Substitute cos2z = 2cos®z — 1.

cos2x  2cos?z —1

- = 5 =2 —sec’r.
cos? x cos? x

Step 2: Integrate.

/(2 —sec’z)dr = 2r — tanx + c.
Let F(z) = 2x — tanz.
Step 3: Apply limits.
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Question 6 (OCR 4724, Jan 2011, Q3)

Worked Solution

(i) Show that the derivative of secx can be written as secz tan z.

1

Write secx = = (cosx) .

CoS T
Differentiate using the chain rule (or quotient rule):
9 sin @ 1 sin @

(=sing) = —— = : =secxrtanz. v
cos’z  cosT CoST

. (cosz)™! = —(cosx)™

tanx d
——dx.
v/ 1+ cos 2x

Step 1: Simplify the denominator.

(ii) Find

Use cos 2z = 2cos?x — 1, 50 1 + cos 2z = 2 cos? .

V1 cos2x = V2cos?x = V2| cosz| = vV2cosz (taking positive root).

Step 2: Rewrite the integrand.

tanx sinz/ cosx sin x 1 tanx 1
= = = ——=secxtanx.

ﬂcosx_ V2cosz _\/5(30821’_%'(3031’ V2

Step 3: Integrate.

Since T (secx) = secx tan z:
B

1 1
—secztanxrdr = —secz + c.

V2 V2

—secx + ¢

V2
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Question 7 (OCR 4724, Jun 2014, Q4)

Worked Solution

1—2sin’z

dr = %ln2.

1
Zﬂ-
Show that/ -
o l+2sinxcosz

Step 1: Rewrite numerator and denominator using double-angle formulae.
Numerator: 1 — 2sin® x = cos 2z (since cos2z = 1 — 2sin® z).

Denominator: 1+ 2sinzcosxz = 1 + sin 2z.

/”/4 cos 2x
—dx.
o l-+sin2z

'(z)

So the integral becomes:

Step 2: Integrate using the standard form [ @) dr =In|f(z)| + c
x
d
Here the numerator is cos 2z and the denominator is 1+ sin 2z. Note d—(l +sin2x) =
T
2 cos 2z, so:

1+sin2z 2
Let F(z) = % In(1 + sin 2x).

2

2
/&daz— LIn|1 + sin 2z| + c.

Step 3: Apply limits.
F(Z)=1ilm(l1+sinZ)=1m2

F(0) = 2In(1 +0) = 0.

2

w/4
/ —11n2—0=%1n2. v
0

1
5 In2  (shown)
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Question 8

Worked Solution

(OCR 4724, Jun 2015, Q6)

—1
(i) Use the quotient rule to show that the derivative of CRT s —
sinz  sin“xw
Let u = cosz, v =sinz, so u' = —sinx, v’ = cos .
d 1oy i
Quotient rule: — (E> _LuTuw.
dx \v v?
—sinz-sinz —cosx -cosx  —sin’x — cos’x —1
2 - 2 - 92 M \/
sin sin” sin”
(using sin® x + cos?z = 1.)
i1 2
(ii) Show that / VST = 1(VB - V).
1p  sinzsin 2z
Step 1: Simplify /1 + cos2zx.
1 + cos2x = 2cos? z, so /1 + cos2x = V2 cos z.
Step 2: Simplify sin 2x.
sin 2z = 2sin z cos x.
Step 3: Rewrite the integrand.
V2 cos x V2 1 1 2
= = = —csc” x.
sinz - 2sinzcosx  2sin’zx V2sin? x V2
Step 4: Integrate.
d 1 1
Since _(c?sx) = ———— (from part (i)), we have/ - 4T — _ 8T
dx \sinx sin” x sin“ x sin x
T4 1 1 [ cosx]fr/4
— ——dr=— |— .
w6 V2 sin’z V2L sinzlas
Step 5: Apply limits.
cos(r/4)  1/vV2
sin(m/4) 1/v2
_098(7/6) _ _\/§/2 __V3
sin(7/6) 1/2
1 3—1 3—1)v2 6 — 2
_[(_1)_(_\/§)]:\/_ :(\/_ )\/_:\/_ \/_:%(\/__\/5), v
V2 V2 2 2
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%(\/6 ~V3)  (shown)
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Question 9 (OCR 4724, Jan 2008, Q7)

Worked Solution

(i) Given that A(siné + cosf) + B(cosf —sinf) = 4siné, find A and B.

Expand the left side:
(A— B)sinf + (A+ B)cosf = 4sinf + 0 - cos .
Comparing coefficients:
A—B=4 and A+ B=0.

Adding: 2A=4= A=2. Then B=—-A=-2.

A=2 B=-2

4sin @

in
(ii) Hence find the exact value of / _
o sinf 4 cosd

form am — Inb.

df, giving your answer in the

Step 1: Rewrite the integrand using part (i).
Since 4sinf = A(sin € + cos @) + B(cosf —sinf) with A =2, B = —2:

4 sin 0 A B(cosf — sin§) —2(cos 6 — sin 9)'

Sin9+0030: sinf + cos sin @ + cos 6

Step 2: Integrate each part.
/ Adf = A0 = 20.

d
For the second part, note @(Siné + cosf) = cosf — sin 6, so:

/ B(cosf — sin )

. df = Bln|sinf + cosf| = —21In|sinf + cosd|.
sin 6 + cos ¢

So:
F(0) =20 —21In|sinf + cosd)|.

Step 3: Apply limits.
F(3)=§-2In(sing +cosd) =3 —2In(Z +¢) = 1~ 22

F(0)=0—2In(0+1) = 0.

10
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/4
/ =2 _-2lhv2=72-In2.
0

End of Worked Solutions

11




