ALevelMathsRevision.com
Integration By Substitution — Exam Questions (Sheet 1) Worked Solutions

Question 1 (Jun 2005, Q4)

Worked Solution

1
(i) Show that = = tan 6 transforms /m dz to /0052 6de.

r =tanf = 3—:5 = sec? 6, so dz = sec?§db.

Also 14 22 =1+ tan? 0 = sec? 6.

1 1 1
/mdx:/sec40-sec29d9:/sec29d0:/C0829d9 v

1
1
(ii) Hence find the exact value of / ———dz.
o (1+z2)?

Change limits: 2 =0=0=0;2=1= 60 =7/4.

Tr/4 7r/4 1 2 . 2 77/4
/ 00529d9:/ + cos 9d0: Q+s1n 0
0 0 2 2" 4|,

|3
o |

+
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Question 2 (Jan 2006, Q6)

Worked Solution
(i) Show that x = sin®# transforms / - T dz to /251n29d9.
V1i-—z

d
x =sin’f = & 2sin 0 cos 6.

do

45 sin? 6 .
= ——- =tan"0, so
1—2 cos?6 —x

/ w dx:/tan0-2sin0cosed9:/Sme-28inﬁcosﬁd6:2/sin20d0 ve
1—2z cos O

1 z
(ii) Hence ﬁnd/0 1/1_xdx.

Limits: 1 =0=0=0;z2=1=0 =n/2.

= tan § (taking positive root).

w/2

/2 w/2 1 :
2/ smzed9:2/ 1=cos20 qp g Sn20)7° 7T
; ; 2 2 |, 2
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Question 3 (Jan 2008, Q10i)
Worked Solution
1/2 1
Use z = sinf to find the exact value of / —dzx.
o T-a)"

z =sinf = dz = cosfdf. Also (1 —2%)%? = cos® 0.

Limits: 2 =0=0=0;z =1 = 0 =/6.

/6 /6 /6 "
/ —COS;,H d@:/ sec?§df = [tan@} tant 0= —
o cos3f . 0 5 7

“|%

1/2 1 1
— __dr=-—=
/0 (1 —a2)%2 V3
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Question 4 (Jun 2008, Q8)

Worked Solution

2 A B
(i) Find A and B such that ! + .
(t+1)2 " t+1 " (t+1)2

2t = A(t+ 1)+ B. At t = —1: —2 = B, so B = —2. Comparing t-coefficients: A = 2.

A=2 B=-2
(ii) Show that ¢t = /2x — 1 transforms /;dx to /Ldt
42z -1 (t+1)2
5 241
t=V2zx—1=t"=2x—-1=2x= , do = tdt.
241 t? 2
Y i + a +2t+1:(t+1).
2 2 2
1 tdt 2t
/z—k\rz—l ’ /(t+1)2/2 /(t+1)2
> 1
iii) Hence find the exact value of —dx.
(iii) Hen n xact valu /lx_i_m x

26 2 2
t+1)2 t+1 (t+1)2

From (i):

2t 2
Lt =2t + 1)+ ——
/(t+1)2 AU g e

Limits: x =1=t=1,x=5=1t=3.

’ 1 1
] = (21n4+§> —(2ln2+1)=2n2- .

1

2
2ln(t + 1)+ —
[ n(t + )+t—|—1

5
1 1
—_— dzx=2In2—- -
/1x-|—\/2x—1 o . 2
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Question 5 (Jan 2009, Q5)
Worked Solution

1 2
(i) ShOW u = \/5 transforms /m dz to /mdu.

u=+/r=z=u? dz=2udu.

/m-%du:/ﬁdu

9

1
ii) H find th t val f ———dx.
(ii) Hence fin e exact value o /1 0T V) 75

) ) 2 2
Partial fractions; —— = — — .
u(l+u) u 14u

Limits: z=1=u=1,2=9 = u=3.

S22 3
/1 (a—l_i_u)du—[21nu—21n(1+u)]1

=(2In3—-2In4) — (2In1 —2In2) =2In3 —-2In4 +2In2=2In3 — 2In2 :ln?l

o 1 9
/—dlen—
1 (14 x) 4

(@
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Question 6 (Jan 2010, Q4)

Worked Solution
¢ 1

Use v =2+ Int to find the exact value of/ —dt.
1 t(2+1nt)?

du 1 dt
=2+ Int — == — =du.
U +1Int = 1 e SO ; U

Limits: t=1=u=2;t=e=u=3.

/e 1 dt—l
L t2+mnt)2 6
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Question 7 (Jan 2011, Q5)

Worked Solution
5
S—uw
I=[| ———dx.
/2 24+ —1 .
2
(i) Show u = v/ — 1 transforms I to / (4u—2u?) du and find the exact value.
1

u=vzr—1=>z=u?>+1,dr=2udu. Also5 —xz =4 —u%
Limits: t =2 =u=1,2=5=u=2.

24 .2 2(9_ 2 ?
P / 4—u 9 du — / (2 —u)(2+u) Sudy — / 2u(2—u) du = / (4u—2u?) du
1 2+ 1 1 !

u (24 u)
2 20312 16 2 14 4
du—20)du= |20 ——| =(8——)—-(2—-2)=6——=—
[ atyau= 2 25| < (s ) - (2-5) =55 =3
[
3

(ii)(a) Simplify (2+ vz —1)(2 —Vz —1).
2+vz-1)2-vz-1)=4—(z-1)=5—=x

=

5 _
(ii)(b) By multiplying numerator and denominator of =1 by 2 —

z—1
vx — 1, find the exact value.

5—x (5—:@)(2—\/m):2_\/m

2++r—1 5—x

Iz/j(Z—M)dx: [23:—;(:5—1)3/2]5: (10-%)-(4-%) = —%zg

2
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Question 8 (Jan 2013, Q6)
Worked Solution
1/2 4 _1
Use u =2z + 1 to evaluate / e T
o (2z+1)°
u—1 1

=9 1 =—0 = — du.
U r+1==x 7 dx 5 du
dr—1=2(u—-1)—1=2u—3.
Limits: z=0=>u=1;z=1=u=2.

2

2o0u—3 1 1 [? 1
/ 4 -—du:—/ (2u™* —3u™)du = =
1 2 1 2

2 3 2
3ud  dut],

ud 2
2 3 1 3 —-16+2
Y e 12 64
Let me co te carefull + 5 1 + 3 _16+ 0 v
m mpu reru 0 _— = — _ = = - =
P Y'T30) T4(16) ~ 12 64 192 192 192
2 3 849 1
A — __ P -
tu 571 12 12
1 7 1\ 1 7 16\ 1 23\ 23
2 192 12/ 2 192 192) 2 192) 384
/1/2 4y — 1 23
0 (2IE+ 1)5 384
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Question 9 (Jun 2016, Q6)
Worked Solution
623 +4x
Use u =22 — 2 to find
\/7
U=z —2:>j— 2z, soxdx——du Also 22 = u + 2.
T
62° + 4z  x(62®+4)  (6(u+2)+4) e 6u + 16 .
2-2  Ju Vu WV
623 —|—4x 6u+ 16 du 1
o (6u1/2 + 16u_1/2) du
e [P 5]

1
= 3 (4u3/2 + 32u1/2) +c=2u?+16u"? + ¢

Back-substitute v = 22 — 2:

=2(z? -2’2 +16(z* - 2)"? + ¢

627 + 4
/udx:2(x2—2)3/2+16\/x2—2+c

2 — 2
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Question 10 (Jun 2017, Q9)

Worked Solution

(1 —Ilnz —
Useu:1+lnx+xtoﬁnd/3(x+ ) ne x)dx.
z(l+Inz+x)
) 1 z+1 z+1
vu=1l+he+r=>—=—+4+1= , SO dr = du.
dr =z T T

Note the numerator: 3(z +1)(1 —Inz —z) = =3(z + 1)(Inz + = — 1).

AlsoInxz 4+ x — 1 = u — 2, and the fraction:

z+1)(1-lnz—2) —3xz+1)(u—2)
r(l+lnz+z) U

[yt [ [ ()

=—-3u+6lnju/+c=-31+hnzr+2)+6n|l+hc+z| +c

Since the constant absorbs —3:

/S(x—i— (1 —Inz—x)

z(l+Inz+x)

dr =6In(l+Inzx+2z)—-31+hzr+z)+c

End of Worked Solutions

10



