ALevelMathsRevision.com
Integration By Substitution (Sheet 2) Worked Solutions

Question 1

Worked Solution

4
1
Using v = 2++/2x + 1, find the exact value of/ ———dz, giving your
8 ’ 0 2+ 2zl EVImEY
answer in the form A +2In B.

u=2+\2r+1=>V2z+1=u—-2=2z+1=(u—2)~%
du 1 1

ey b T A Gl A
Limits: t =0=u=3;z=4=u=>.

/35(“;2)@:/:(1—%)@: [u—anu]Z

=(5—2In5) — (3—21In3) :2—21n5+21n3:2+21n§

4 1 3 3
4z =242ln2, A=2 B="2.
/0 2+ 2z +1 5 > 5
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Question 2

Worked Solution

w/2
Using u = cosz + 1, show that / e Hsingdr = e(e — 1).
0

u . .
u=cosx+ 1= — = —sinz, so sinzdr = —du.

dz
Limits: s =0=>u=2;z=7/2=>u=1

/Zle“(—du):/lze“du: [e“r:e2—e:e(e—1) v

1
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Question 3

Worked Solution

3y —4
1) Given y > 0, find —dy.
Partial fractions: ﬂ = é 2 .
yBy+2) y  3y+2
3y—4=ABy+2)+By. Aty=0: -4=24A=>A=-2 Aty=-% 6=-2£=
B =09.

2 9
—— dy = —21 1 2
/( y+3y+2> y ny + 3In(3y +2) + ¢

3y —4
————dy=-2Iny+3InBy +2) +c
/y(3y+2) ( )

3 w/3
(ii)(a) Use = = 4sin”# to show that / \ /4 ’ . dz = )\/ sin? 0 df, finding \.
0 - 0

x = 4sin?0 = dx = 8sinf cos f db.

T 4sin% 0
4 —1r =14 20 = — = tan.
T cos ’801/4—x “4(:0329 an

Limits: 2 =0=0=0; s =3=sin’0 =3 = 0 =7/3.

w/3 w/3 sin @ w/3
/ tan0~88in9(:os€d9:/ -851n9cos<9d0:8/ sin’ @ d6
0 o cosf 0

A=38

3
(ii)(b) Hence find / 1 ° dz, giving your answer in the form ar + b.
o Vi—z

/3 w/3 1— 20 in 20 /3
8/ sin29d0=8/ SV P 7
0 0 2 2 Q

_ (z_w>:4<z_@>:4_w_ﬁ

3 2 3 2 3
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Question 4

Worked Solution

1 2
(a) Use = = u?, u > 0, to show that /mdx = /md“

r=u?= dz =2udu, /T = u.
2udu 2
= d
/u2(2u—1) /u(2u—1) w v

° 1
(b) Hence show that / 2oV D) dz = 21n(%) where a, b are integers.
) _

Partial fracti 2 A + =
artial fractions: ——— = — + ———.
uu—1) u  2u-—1

2=A2u—-1)+Bu. Atu=0: A=-2 Atu=3: B=4.

Limits: c =1=u=12=9=u=3.

3 2 4 3
/1 (_5-1_ 2u—1> du = [—21nu—|—21n(2u—1)]1

=(—2In3+2In5) - (0+0) =2In5—-2In3 = 21n§

/Q;dac—ﬂné a=50b=3
L z@2yvz-n T T T e
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Question 5

Worked Solution
2 32
Show that [ 2z +2dz = =2+ V2).
0

letu=+vVz+2,s0u:=2+2, z=1u2-2,dr=2udu.
Limits: 2 =0=>u=+v2;2=2=u=2.

2 2
/ 2(u2—2)-u-2udu=4/ (u* — 2u?) du

vz V3
:4[%&_5_2_@03}2
5 3|,
32 16 96—80 16
Atu=2 o2 -2 _——
Y 5 3 15 15
25 227 42 42 11 5
5 3 5 3 5 3 15

15 15 - 15 4

(16 (8\/§>>:4_16+8\/§:4-8(2+\/§) 32(2 + v2)

(@



ALevelMathsRevision.com
Integration By Substitution (Sheet 2) Worked Solutions

Question 6

Worked Solution

Curve: y = /(3 —z)(xz + 1), 0 <z < 3. Region R bounded by curve, axes.

3 w/2
(a) Use © = 1+ 2sinf to show that / VB —z)(z+1)dz = k/ cos® 0 db),
0

v
finding k.

x=142sinf = dz = 2cosfdo.

3—x=2-2sinf =2(1—sinf), z+1=2+2sin6 =2(1 +siné).
(3—2)(z +1) =4(1 —sin?0) = 4cos? 4.

Limits: =0 = sinf =—1 =0 =—-7/6; z=3=sinf=1=0=m/2.

7r/2 7"/2
/ 20080-20089d0:4/ cos? 6 db
—7/6 —7/6

k=4
(b) Hence find the exact area of R.

e a2 | 2 in 207>
4/ 00829d9=4/ +C—089d9:2{0+8m }
—7/6 —7/6 2 2 —7/6
T T
At =7/2: —+0=—.
/% 5 +0=3
7w  sin(—mn/3) T V3
AtO=—m/6 — = — /T~ VT
t 60 /6 6+ 5 6 1
_ E_ _Z_ﬁ = Z+E+£ —2 2_7T ﬁ 4_71' E
7\ 2 6 4 S "\2 6 4 3 4 3 2
4
Area:——l—?

End of Worked Solutions




