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Integration By Substitution (Sheet 2)

Q1.
3::3;‘_‘ Scheme Marks
“
1
—_—dr, u=2+ ,/(2.\' +1)
L 2+ J(Z.\' +1)
; Either ¥ =+ kQx+1)7T or Eoriw-2) | M
du A -3 dx dx du
;:(214»1)‘ or d—:u—l & . &
. " Either e (2x+1)? or & - (-2 Al
dx du
[ 1 & ] N L Correct substitution | A1

1
|I2 - ,/(2\' +1) IJ- J‘u K (Ignore integral sign and du)

a8
- I 1- '—: ;d” An attempt to divide each term by u. | dM1

+4u + By | 9dM1

= u-2lnu
-2y | A f
; Applies linuts of 5 and 3 1n u

{so [u-2mu]; | =(5-2mn5)-(3-21n3) or 4 and 0 in x n their integrated function | M1
and subtracts the correct way round.

= 2+21n{;;] 3+3|nt’é‘ Al
5 5 ) | caocso

8]
8

Notes for Question

1

(-2

MI: Alsoallow du==x4 dv or (u-2)du==xAdx
Note: The expressions must contamn du and dx. They can be simplified or un-simplified

Al: Alsoallow du =

dy or (u—2)du == Adx
(u—-2)

Note: The expressions must contamn du and dv. They can be simplified or un-simplified.
Al: jl (u — 2) du . (Ignore mntegral sign and du)
u

dM1: An attempt to divide each term by u.

Note that this mark 1s dependent on the previous M1 mark being awarded

Note that this mark can be implied by later working
ddM1l: *Aut Blnu, 420, B=0

Note that this mark 15 dependent on the two previous M1 marks being awarded.
Alft: u-2Ilnu or £4u = Blnu being correctly followed through, 4=0, B=0

M1: Apphes hnuts of 5 and 3 in # or 4 and 0 1n x i their integrated function and subtracts the correct

way round
Al: csoand cao. 2+21nl-§-] or 2+ 2In(06). | = .1+21nB.so.~1=2.B=%}
[ 3)
Note: 2—2In| = | 15 AO.
is5)
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Q2.
Question : :
Number Scheme Marks
.. sin X B
— = =SIN ]
dx !
[sin x e~ Hdx = - fe”du M1 Al
=—e" ft sign error | Alft
e
— e I_ =—e'—(-¢? or equivalent with u | M1
=e(e-1) % cso | Al (6)
(6]
Q3.
1?]: :ﬁﬁ:rﬂ Scheme Notes Marks
c)IB" : @ | J[E) & x=asinte
i — | dv, x =4sin’
W3y + ?) '[ | —x |
1) 3y—-4 4 . See notes | M1
Wayl | 3Gy+2) v (33- +2) = 3y-4=AQ3y+2)+ By At least one of their -
¥y=0 = —4=24 = 4=-2 A=-2or their B=9
=1 —f==-2 - Both their
a0 A--2 and their -9 | A!
Infegrates fo give at least one of either
L —tilny O — =T uln(3y+2) | M1
3y—-4 -2 ¥ Gy+2)
- dy = | —+ dy A=0.B=0
3y +2) y (3y+2) -
At least one term correctly followed through Alfi
\ from their 4 or from their B
= “2lny+3Gy+ ) f+ef [, Iy +3la(3y +2) or —2lny + 3y +3)
with correct bracketing, Al cao
simplified or un-simplified. Can apply 1sw.
[6]
%13151% .1 = 4sin’ 331 d“ =8sinfcosd or i =4sin2f or drx=8sinfcosAde B1
o A - 8sinfeost { ,f gunl sin26 {6} M1
4—4sin 4—4sin
tané. SSmﬁ'cosf?idﬂ} or | tang. 4911:1‘5'{(161 l#] s+ Etanfor = Kli] M1
= 4—x osd) | =
=J.83in!8dt3 ISsﬁ138d9 including df | Al
. 3 - ] Jg . Writes down a correct equation
=4sin" & or — =sm-Hor smb=— = f=— . . . T
2 3 involving x = 3 leading to 6= 3 and | B1
[J' =0—=8= 0} no incorrect work seen regarding limits
= 151
(i) ) ={3} (1- cos'?ﬁJd[a _ [ (4= 4cos26)d8 Applies cos26=1—2sin* 8 M
\ 2 \ — to their infegral. (See notes)
. For taf+ Fsin2é, o, f=0 | Ml
. 1 | ‘ . P \
- 3‘[—6—— 28| {= 46-2sin26 '
Eil3 il B sin26) smfi‘—»[—:?——sm‘ﬂl Al
e . _: 1 ([ 3 3 |
1| 8sin'6d6=8 Lo Linoe '>=3._£—l ﬁH-[o-ow
| Jo 24 e W6 41 2))
4 N el o i 4 1/
- ?,T_ 3 ‘two termy” exact answer of e g. E;r— ‘.ﬁ or 51 4 — w"}} Aloe
[4]
15

]3]
BE
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Question Notes

. e 3v—4 A R
st Writin - ==
(i) I# M1 g =l + G =)

of their 4 or their 5.

and a complete method for finding the value of at least one

Note MIA] can be implied for wrifing down either P = £ + e
y@y+2) ¥y (@By+2)
Ap—% Mo, o with no working.
y¥(3y+2) ¥ (3y+2)

Note Correct bracketing is not necessary for the penultimate Alft. but is required for the final Al in (1)

Note | Give 22M0 for ¥ =4  going directly to aln(3y” +2y)
3y +12)

Note | ---butallow 2% M1 for either M(O¥+2) _ ;1352 49,y or MOY+D

. S taln(3y* 42y
3y® +2y 37 +2y ala(3y”+27)

(ii)(a) 1M1 | Substifutes ¥ = 4sin’ § and their dx | from their comrectly rearranzed :_TJ into
| i =48]
Note dx = Adg. For example dr = dé

Note Allow substituting dx = 4sin 28 for the 1 M1 after a correct % =4s5in2F or dx=4sn28d8

n P - ™)
- 9 f i [ &1

31 | Applying x=4s1n" & to lL to give *Ktan& or :Kt = |
4-x) .cos6/

Note Integral sign is not needed for this mark.

1% Al Simplifies to give J 8sin’s dg including dé

2" B]1 | Writes down a correct equation involving x = 3 leading to & =i; and no incorrect work seen

regarding limits

{ = .
Note Allow 2™ Bl for x= 45in1[ %' =3 and x=4sm 0=0

Note | Allow 2 B1 for 6= sin™| \E | followed by x=3, 6= ET x=0.6=0

(i1)(b) Ml Wirites down a correct equation involving cos26 and sin® @

1—cos26 (1-cos28)

or Ksin’6 =K —

E.g: cos28=1-2sin’8 or sin’ 6= =

and applies it to their integral. Note: Allow M1 for a correctly stated formula

(via an incorrect rearrangement) being applied to their integral.

Integrates to give an expression of the form +a6 + Fsin28 of k(e = Bsin26).
a=0, f=0

(can be simplified or un-simplified).

Ml

1% A1 Integrating sin” & to give %6 - %sinlﬁ. un-simplified or simplified. Correct solution only.

Can be implied by ksin’ @ giving ge - %smlﬁ or % 26 - sin26) un-simplified or simplified.

2md o] A correct solution in part (i) leading to a “two term” exact answer of

4 243

eg %,7— 3 or %,7-\/5 or —3—;{- ;o %(47-3\5]

Note A decimal answer of 2.456739397... (without a correct exact answer) is AQ.
Note Candidates can work in terms of A (note that A is not given in (ii))
and gain the 1* three marks (i.e. MIM1A1) in part (b).

Note If they incorrectly obtain [ T‘gsmi 6 dg 1n part (1)(a) (or correctly guess that 1 =8)

then the final A1 is available for a correct solution in part (i1)(b).
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Q4.
Q-uestiog Scheme Marks
Number
( (x=1* =)L -2 or 91—1\-13 . 1 Bl
a) v Ydu ~ dr 2 dx 23_\
lJ l—d\l =j.‘—l- :Nd“ N‘l]
Jxax-n | Jwi@u-
pJ
= - du Al * ¢so
u(u -1)
[3]
A
(b) - sio B = 2= AQu~1) + Bu
u(2u -1) u (2u-1)

U=0 = 2=—4 => A=-2 See notes | M1 Al

u=4 = 2=1B = B=4

= du u (Qu-1) M1
obtamn any one of *Alnw or + xIn(2u — 1)

At least one term correctly followed through | Al ft
—2Inu +2In(2u —-1). | Al cao

M N
b D 4 Integrates —!+ .M=0.N=0to
S du T+ -
u(2u -1) u (Qu-1)

= —2lnu+2In(2u-1)

So. [~21nu + 2In(2u - l)]
Apphes hmitsof 3and 1mu or9
= (=2In3+ 2In(2(3) = 1)) = (=2In1+ 2In(2(1) = 1))  and 1 mn x 1n their integrated function | M1
and subtracts the correct way round
= —=2In3+ 2In5-(0)
/ < \
= 2ln| = | 2In
\ 3 )

| | Al csocao

(7]
10
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Q5.

(Juestion Scheme for Substitution Marks AODs

Chooses a smtable method for j 2xafx+2 dx
0

Award for M1 3 13
s Using a valid substitution u =.... changing the terms to u's
» integrating and using appropriate limts _

Substitution Substitution
dx dx Bl 1.1b
= x+2=:>¥1;:iu oe u:x+2=}'¥::l oe
J. 2x+fx+2 dx j 2xafx+2 dx
M1 1.1b
=j;i|'luji2th;:du =j;ﬁi{ui3]l-qir?du
P+ O 2O dM1 21
o =R =Su? +Tu? -
4 5 8 4 42 g2
=— ——HN — 2 3,2 Al 1.1b
50 3 e
Uses limits 2 and JE the Lf_se_s- linuts 4 and 2 the correct ddM1 1 1b
correct way around way around

=£{2+-ﬁ} * Al* 2.1

)]

(7 marks)
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Q6.

Eﬁ;:f Scheme Marks
3
(@) _4=f G-x)(x+1) dv. x=1+2sinf
.........C............................................... - -
dx
dv — =2c058 or 2cos8 vsed comrectly
—ﬁ=_cos|5' dg Bl
....................................................................... in their working. Canbeimpled |
{JJ(S (x+1) dx Dr|—|.|ll3+ X x]dx:
""" o o S ~. . oism  Substitutes forbothxand dx. |
= (3—(1+ 2:mn8))((1 + 2sin#) + 1) 2cosé {d8) M1
_____ N{J“hﬂedﬁ#?df’%ﬂmdﬁ
- j.ﬁz— 2sm8)(2 = 2smé) 2cosé {d6}
- J,I‘[d,- 4sin’ 6) 2cosé {d6)
H4 41-cos'8) 2cos6 {48} or j44co 6 2c0s0{dg) ~ Appliescos O=1-si'0 |\,
............................................................................................. TEEMOLES | .
i[eosiose. (k=4 4] cos’ 600 or j'4cos 6d6 | ,
. Note: d6 is required bere. |
. . . 1
0=1+2s5mf or —1=2sné or smﬁ'=—;::> ﬁ‘=—%
- See notes | Bl
and 3=1+2sinf or 2=2siné or sinf=1= f?=i:
e e emimem i o o i i e s e e e i i e e e o -] )
. . 1+ cos28) Applies cos28 = 2cos’ -1
i ! | fagl PP
®) { jms ﬁl{daj{' e }J.l 2 J (36 to their integral -
E {kl[l€+lsm25'] Integrates to give +af + fsin26, a=0. F=0 | \ny
N2 4 ) or k(+af + fsin26) | (Al o ePEN)
O S e
150 4J cos’6d6 = [26+sin26],
| = y [
i f F i a-:,.'-.l'.
=2 2 )sinf 2| [ 2 -2 ) sinf 22},
- 2 )] 76 )
=|:T|_|:—£—£.z =¢_"T+£ ﬁ+£ or
| 3 2 3 2 3 2 Al
: 1 y | cao cso
—[E.-T+3‘UEI|
_______________________________________________________________________________________________ LT &) I
3]
8
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Q7.
Question
Number Scheme Notes Marks
x|0|0_2|0_4|H_ﬁ|0_3|1|y=5
y| 2 | 1.8625426... | 1.71830 | 1.56981 | 1.41994| 1.27165 | (2+e")
(a) {Atx =02} y = 1.86254 (5 dp) 1.86254 | B1 cao
Note: Look for this value on the given table or in their working. 11
Outside brackets lx(ﬂ.z}
2 Bl oe.
1 " . - 1 11
(b) E{nz;| 24127165+ 2{their 1 86254 + 1.71830 + 156981 + 1.41994 ) | or o —x
For structure of | .......| | M1

{= %(16.41283)} - 1.641283 =1.6413 (4 dp) anything that rounds to 1.6413 | A1

[3]

(©) %u ¢t or x=Inu >}

ds dz de 1 i i}
feefor Y —yor — — or du=wudy etc. and dx = du See | oy«
dx dx dee u (" +2) ( + Du notes
fx=0} = a=¢' = a=1 a=1and b=e or b=¢ Bl
{le}_}hzu'_},l,=u or evidence of 0 =1 and 1 —» e
NOTE: 17 Bl mark CANNOT be recovered for work in part (d) [2]
NOTE: 2™ Bl mark CAN be recovered for work in pari (d)
d y 3
“Ea; 1 0 = A + = Writing 6 - ! i B' . 0.8 or ! - ! 1 Q_ .
wu+2) w () wu+d) w (ut) wu+ 2y w (w2} | an

o.e., and a complete method for finding the value of at least one of
their 4 or their B {or their P or their {J)

05 A4-3 Both their A = 3 and their B 3. (Or their /* '1 and their
2> H8B--3 9] * with the factor of 6 in front of the integral sign)

» 6= A(u+2)+ Bu

n

Al

fi (3 3 Integrates M, N L MON k=0
> du = | —— - du w wutk M1
w1 2) e (ur2) (ie. a two ferm partial fraction) to obtain either
FAn(ara) or 4y St )y A, p,a, f+0

Integration of both terms is correctly followed through
from their Af and from their N.

=3Inw — 3In(u+ 2)

or =3In2e - 3mn(2u+4) Alft

{Hu | 3ne - 3w+ 2) | } dependent on the 2™ M mark
, Applies limits of e and 1
= (3In(c) - 3in(e + 2)) - (3In1-3In3) | (or their b and their a, where b>0, b= 1,a>0)inu | AM1
[Note: A proper consideration of the or applies limits of 1 and 0 in x and subtracts the
limit of # = 1 is required for this mark] correct way round.

=3-3lfe+2)+ 303 or 3(1-In(c+2)+ In3)or 3+3]11[ 32}
e+
see notes | Al cso

- ey B
or '_iln[ h ]—'.ih{l] or '.i—ﬁiln[u_)'] or 3In[i] or }nr 276’ )
e+ 2 3 3 e+ L[cr}‘.]’,]
Note: Allow ¢'in place of ¢ for the final A1 mark. [6]
Note: Give final A0 for 3-3lne+ 2 + 3In3 (i e bracketing error) unless recovered. 12

Note: Give final A0 for 3-3In(c+2) + 3In3 - 3Inl, where 3]n| has not been simplified to 0
Note: Give final A0 for 3lnc—3In{c + 2) + 31n3, where 3In ¢ has not been simplified to 3
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Qs.
'Qucsuou "
| Number Se Marcks
(a) Q. T3508 Bl cao
it
) Am-{x.’sf,{o*z(monwuu 17157 + 1.02280) + 0] 81 M1
-&XSBW = 1150392325 - 11504 (4 dp) awet 11504 | A )]
{c) {u:l+cou}=9:-smr Bl
g o
| 2 2 2
:I—'—ﬁ—w—"—dx:: Mdt s 2y = 2un xcosx | BI
(1 +cosx) (1+cosx)
Yragt . g \
_I (v l)(]}du la 4I(l U)a: M1
1] 1]
-4‘[ l—l;d«--‘fhu—nl¢c dM1
o
=4dln{l +cosx) -4l +cosx)+¢c =4l +cosx)-dcosx+ & AG | Al oo [5)
r y 4
n X r ' - Apphvng lnmts r = — and
() = 4l +cos- | deos - | 4ln(l + cos0) ~ 40050 | e " 2 M1
-~ > X = Deuher way round
- [4m1-0] - [4m2 - 4]
H#l-mY)or
= 4-4Wn2 (= 1227411278 | (4~ 4In2) orawrt 212 | Al
however fouad
Emor « {4 -4ln2) - 1.1504. aurt $0077 Al o [3)
=~0070112776... = 0077 (241) or yurt £6.3(%) 3
12
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]3]
BE
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Q10.
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