ALevelMathsRevision.com
Integration By Parts — Exam Questions (Sheet 1) Worked Solutions

Question 1 (Jun 2005, Q2)

Worked Solution

w/2
Evaluate / xcosxdr, giving your answer in an exact form.
0

. . dv
Use integration by parts: u = z, T cos .
x

Then % =1,v=sinx.
dx

/xcosxdx =xsinx — /sinxdx = xsinz + cosz (+c)
Apply limits:

s s = (5o 141) 041 -1

/2
/ xcosxdx:f—l
0 2
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Question 2 (Jan 2006, Q4)

Worked Solution

(i) Use integration by parts to find /xsechdx.

dv >
Let u =12z, — =secx = v = tanz.

dx

/xsechdx:xtanx—/tanxdx:xtanm+ln|cosx|-|—c

/xsec2xdx = ztanx + In|cosx| + ¢

(ii) Hence find /xtan2xdx.

Use tan?z = sec® z — 1:

/xtanzxdx:/mseCQIdx—/xdx

=ztanz + In|cosz| — 12° + ¢

/xtaand:c = ztanz + In|cosz| — 12* + ¢
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Question 3 (Jan 2007, Q2)

Worked Solution

2
Find the exact value of / z1In xdax.
1

d
Use integration by parts: u = Inz, d_v =3

x
1 2
Then%:—,vzi.
de =z 2

2 2 2 2
/xlnxdx:%lnx—/%-;dx:%lnx—%—kc

Apply limits 1 to 2:

i 2277 1 1
[?lnx—z}l—(ﬂn?—l)— <O_Z> —211&2—1—1—2l

2 3
/ rlnrxdr =2In2 — —
1 4
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Question 4 (Jun 2007, Q2)

Worked Solution

1
Find the exact value of / r2e® dux.
0

dv
First application: u = 22, 1= e’ = v =-e¢e".
95
/x2e’” dz = z%e® — 2/.2:6“ dx
. dv
Second application: u = x, P e’ = v =¢€".
x

/xewdx:xew —e'+c
Combining:
/xQe‘” dzr = 2%¢® — 2(ze® — €%) = (22 — 2z +2)e" + ¢

Apply limits:

[(x2—2x+2)ew]::(1—2+2)e—(0—0+2)e°=e—2

1
/ 22" dr=e—2
0
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Question 5 (Jan 2010, Q8)

Worked Solution

(i) State the derivative of ™7,

Using the chain rule:

_ (ecosx) = — Sinxeﬂosl‘

dx

i(ecosx) — —sin g ecos®

dx

w/2
(ii) Hence use integration by parts to find the exact value of / cos x sin x e“*
0

From (i), /sin:c ef®*dx = —e®®* +-¢.

v .

Use IBP: u = cos z, Fr sinx e“®?* so v = —e®57*,
x

du .

— = —sinx.

dx

/cos:csina:ew” dz = —cosx e*®® — /(—em”)(— sinz) dx

= —cosz ‘T — /sinxec"”dx = —cosx e®" 4 €% + ¢ = e“®*(1 —cosx) + ¢

Apply limits 0 to 7/2:

/2
/ cosrsinz e dr =1
0

dzx.
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Question 6 (Jun 2010, Q9i)

Worked Solution

Find /(x + cos 2x)* dx.

Expand:
(z 4 cos2z)® = 2* + 22 cos 2z + cos” 2x

3

Integrate x°: %
) dv sin 2x
Integrate 2x cos 2x: IBP with u = 2z, T cos2r = v = 5
x
. . ) cos 2x
/2xcos2xdx = xsin2x — /stxdx = xsin 2z + 5
1 4
Integrate cos? 2z : Using cos? 2z = w:
in 4
/cos2 2rdr = = + i
2 8

Combining:

3

2 in4
x+0082x2dx:x_+msin2x+cos x X sin 4x
3

NERA:

3

2 in4
/(m—l—cos?x)de:%+xsin2I+COS r x sSindx

2+2+8
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Question 7 (Jun 2013, Q2)

Worked Solution

Find /xs In(3z) dz.
dv
Use IBP: u =1 — =
se u = In(3z), Pl
du 1 - z°
de 2’ 9°
9 9 q 9 8
/ms In(3z)dz = %ln(?)x) —/% . ;dm = %ln(?)m) —/%dx
29 29
-2 _r
5 n(3z) S +c
9 9
/ms In(3z)dz = % In(3x) — % +c
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Question 8 (Jun 2014, Q8)

Worked Solution

3

8
— 2 _opaq_ O
t+2 R

Performing polynomial long division of 3 + (¢t + 2):

t3 =t =12 Then t*(t + 2) = t3 + 2¢*. Remainder: —2¢2.

—2t> +t = —2t. Then —2t(t + 2) = —2t*> — 4¢. Remainder: 4¢.
4t +t = 4. Then 4(t + 2) = 4t + 8. Remainder: —8.

(i) Use division to show that

v =12 -2t +4— 8 v
t+2 t+2

2
(ii) Find / 6t* In(t + 2) dt, giving your answer in the form A+ Bln3+ Cln4.
1

Use IBP: u = In(t + 2), do 6t> = v = 213,

dt
/fﬂm@+m&:4ﬁm@+m—/‘%3w
t+2
t3 )
B t (1): =t —2t+4 — 0
rom part (i) T2 + T e
2t3 8 2t3
dt=2[(t?—2t+4— —— |dt =" — 202+ 8t — 161In(t + 2
/t+2 /( * t+2) 3 * alis-2) e
Therefore:

2

2 2t3
/‘&ﬁn@+2ﬁhz[%ﬁﬂ@+2f—?;+2ﬁ—8t+IMn@+2)

1 1

1 1
At t = 2: 161n4—§6+8—16+161n4:321n4—?6—8.

2 2
At t = 1: 21113—5—1—2—8—1—161113:181n3—§—6.

Subtracting:
1 2 14
:321n4—181n3—§6+§—8+6:321n4—181n3—§—2

2
= _30 +32In4 — 181In 3

Checking against the required form A4+ BIn3 + C'In4:
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2 20
/ 6t° In(t + 2) dt = —5 = 18In3 +32In4
1

2
SoA:—go,B:—l&C*:BQ.

. . 20 e
Note: This can also be written as -3 + lnﬁ.




ALevelMathsRevision.com
Integration By Parts — Exam Questions (Sheet 1) Worked Solutions

Question 9 (Jun 2016, Q4)
Worked Solution
8
Find the exact value of / ? In x dx, giving your answer in the form Aln2+
RVA
B.
Rewrite: 1 z~ 13,
Jr
d

Use IBP: u = Inz, — = 2~ /3,

s %
d
du _ 1 v _2.2/3
dz = Zig

3 3 1 3 3
/x_l/?’lnmdx:—x2/3lnx—/—x2/3-—dx: 2?Plnz — /x_1/3dx
2 2 T 2 2
3 23 3 2¥3 3, 9
= 1 — Z22/3] 2/3
2 nr— 3 2/3 2 nr— 4a: +c

Apply limits 1 to 8. Note 8%/% =4, 13 =1, In8=3In2, In1 = 0:

3 o3 92/38_ 3 9 (o 9
[2 Inx — 4x 1— 5 4-3In2 1 4 0 1

9 27
=18ln2 — - =18In2 — —
81In 9-1-4 8In 1

8
/ Llnxdw =18In2 — ﬁ
L Ve 4
27

A=18 B=——.
So 8, 1

End of Worked Solutions

10



