ALevelMathsRevision.com
Integration By Parts (Sheet 2) Worked Solutions

Question 1

Worked Solution

(a) Use integration by parts to find /xsin 3z dx.

3
Let u = =, ézsin?)x#v:—coz a
. T cos 3x cos 3x rcos3r  sindx
rsin3rxdr = — + de = — + +c
3 3 3 9
. rcos3x  sin3dz
zsin3zxdz = — + +c
3 9
(b) Using your answer to (a), find /x2 cos 3z dx.
d in 3
Let u = 22, & sz = v = 2T
dx 3
25in 3 2
/x2cos3xdx S w — g/xsin?wdzn

Substitute part (a):

x?sin3x 2

T Ccos 3x o sin 3x o
— c
3 9

3 3
r?sin3xr  2xcos3r  2sin3z
- - c
: 9 27
/I26083xdx _ 2?sin3z N 2zcos3r  2sin3w e
E 9 27




ALevelMathsRevision.com
Integration By Parts (Sheet 2) Worked Solutions

Question 2

Worked Solution

w/2
Use integration to find the exact value of / xsin 2z dx.
0

v . cos 2x
Let u=2z, — =sin2zx = v=— .
dx 2

. T COS 2% cos 2% xrcos2r  sin2x
rsin2xdx = — 5 + 5 de = — 5 + 1 +c

Apply limits:

_:Ucos2x+sin2x 77/2_ T cos7r+sin7r —(0+0)
2 4 1, 2 2 4

:(%+o)—o:7T

|

/2
/ rsin 2z dx = il
0 4
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Question 3

Worked Solution

(a) Use integration by parts to find /33695 dz.

dv
Let u=2, — =€ = v =¢€".

dx

/xe:”dx:xex—/eg”dﬁ:xe’”—ex—l-c:(x—l)ex-i—c

/xemdx:(x—l)ew—i—c

(b) Hence find /x2ez dz.

dv
2 — =e"=v=¢"

Let u = x*,
dz

/x2e‘” dz = z%e® — 2/306” dzr = %" — 2(z — 1)e” +c

=e"(2> - 2x+2) +c

/xzewdx = (2 —20+2) +c
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Question 4

Worked Solution

f(0) = 4 cos?§ — 3sin? 4.

1
(a) Show that f(6) = 5T ! cos 26.

2
1 2 1-— 2
Use cos? 6 = ERidcos and sin® 9 = ﬂ:
2 2
1 20 1-— 20
f(0)=14- il 0208 -3 (;OS = 2(1 4+ cos 26) — g(l — cos 20)

3 3 1 7
=242 20 — — + — 20 = — + — 2
4+ 2cos 26 2+2(:os€ 2—|—20089 v

w/2
(b) Hence find the exact value of/ 01(0)de.
0

/2 /2 1
/ 9f(9)d0:/ 9(—+
0 0 2

17627 1 72 72
First integral: 3 {510 =38 - T6

Second integral (IBP: uw =60, v/ = cos20 = v = %):

m/2 0 sin 2012 /2 gin 26 201" —1-1 1
/ 0 cos 20 d — { S } —/ V0 =0+ {COS 1 - _ 1

[NCRIEN|

1 71'/2 7 7T/2
COSQ@) d@z—/ c9d9—|-—/ 0 cos 20 dO
2 Jo 2 Jo

Combining:




ALevelMathsRevision.com
Integration By Parts (Sheet 2) Worked Solutions

Question 5

Worked Solution

Curve C: y =xInz, > 0. Normal [ to C' at P(e,e). Region R bounded by C, [ and
T-axis.
Show that the exact area of R is Ae2+ B where A and B are rational numbers.

Step 1: Find the gradient of the tangent at P(e,e).

d 1

—y:lnx+x-—=lna:+1

dx T
Atz=e: mr=Ine+1=2. SomN:—%.

Step 2: Equation of normal .

[ meets z-axis when y = 0: = = 3e.

Step 3: Area Ry under curve from x =1 (where y =0) to x = e (using IBP).

/e D 22lnz  22]° e  e? ; 1 62+1
rlnzdr = B N R R s WO R
1 2 4 | 2 4 4 4 4

Step 4: Area Ry of triangle under normal from x = e to v = 3e.

Ry=1x(Be—e)xe=1x2exe=ce

2

3e
(Alternatively: / (—Z2+3%)ds = [—% 4 3%} = (—% + %) - (—% + %) =
%)

Step 5: Total area.

e 1 5¢2 1

A_ = = — — 2:_ —

rea(R) = Ry + Ry 1 +4—|—e 1 +4
5 1
Area = —e? + - A=- B=-.
rea e“+—, so 1 1

(@



ALevelMathsRevision.com
Integration By Parts (Sheet 2) Worked Solutions

Question 6

Worked Solution

Curve: y = 4o — ze®/2, 2 > 0.

(a) Find, in terms of In2, the z-coordinate of A (where curve cuts positive
r-axis).

y=0: 4$—xe””/2:():>x(4—ez/2) = 0.

Since z > 0: ¢*/2 =4 = g =In4d=2=2In4d=41In2.

za=4In2

(b) Find /:Eex/Q dz.

IBP: u =z, v' = */? = v = 2e*/2.

/xe”/Qda::2xe"”/2—2/ex/de:Qxem/2—4em/2+c

/xe“’“/2 do = 22e"? — 4e%/% 1 ¢

(c) Find the exact area of R in terms of In2.

41In2

4In2
Area = / (4 — ze®/?)dz = [22° — 2we®/? + 4e$/2]0
0

At z =41In2: %/2 = 202 — 4,

2(41n2)? — 2(41n2)(4) + 4(4) = 32(In2)? — 32In2 + 16
Atz =0: 0—-0+4(1) =4.

Area = 32(In2)? — 32In2+ 16 — 4 = 32(In2)® — 32In 2 + 12

Area = 32(In2)? — 32In2 + 12
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Question 7

Worked Solution

1
(a) Use integration to find /—31n33d33.
x

Write as [ z7?Inz dz.

1
IBP:u=lnz,vV=z3=v=——.
212
Inz 1 1 Inz 1
_3 . .
/x mwdr=—35+ z—xz';dx——g—xﬁ/z—ﬁdﬂﬁ
Inz 1 n
=—————+4c¢
212 4x?
Inz Inz 1 n
=———-—+c
3 202 A4x?
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Question 8

Worked Solution

(a) Find /a:cos 2z dz.

sin 2x
IBP: u =z, v =cos2x = v = 5

/ 97 d x sin 2x /sin2xd  sin 2x n cos 2z n
zcos2zdr = — = €
2 2 2 4
rsin2x  cos2x
zcos2zdr = + +c
2 4
(b) Hence, using cos2x = 2cos’*z — 1, deduce /xcos xdz.
2 1
From cos2x = 2cos?x — 1: coszx—%
2 1 1 1
/:L’cos2a:da:=/x cos x+ :§/x0082xdx+2/xdx
B 1 :vsm2x+c:082x +a§
2 2 4
xsm2:c+cos2x+x i
4 8 4
/xcostdx—xSin2x+6082x+x2+c
4 8 4
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Question 9

Worked Solution

(a) Find / V5 — zdz.

)
/(5—x)1/2dx: —5(5—@3/2—1—0

/mdx = -0+

(b)(i) Using integration by parts, find /(x — 1)v5 — xdx.
2
IBP:u=x—1,9 = 5—x=>v:—§(5—$)3/2.

/(:U— Vb —zdr = —g(:v— 1)(5—%)3/2+§/(5—x)3/2d$

2 32 2 2 5/2
=—§(x—1)(5—a:)/ —l—g-(—g)(S—x)/ +c

2, o2 A s
= 3(3: 1)(5—x) 15(5 )"+ ¢

2 g 4 5/2
/(x—l)\/5—mdx=—g(ac—l)(5—x)/ —E(E)—x)/ +c

() 12Eres G /1 (e~ 1)VE T dr.

PN RS e
3 15 )
At x = 5: both terms = 0.
4 4 128

2 3
Atz =1: (0)(4) 1 (4) 0 1 (32) 5

o (1) _128
B 15 ) 15

° 12
/ (x —1Vb—adr = 1—;
1
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End of Worked Solutions

10



