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Integration By Parts (Sheet 2) Mark Scheme

Q1.
Suesuon Scheme Marks
1
(@ j.tsiandx = —%ICOS&X—J‘—;COS&I {dx} M1 Al
1 L.
=—§xc053x+3sm3x{+c} Al
31
2 13 2
®) I.x‘cosBx dr = Sx’sin}.r—J.;xsin}x {ax} M1 Al
B 2( 1 L) :
=—.r‘sm3.t——| -—xcos3x + —sin3x | {+c} Al isw
3 3\ 3 9 .
I At 2 2 ) .
=3 sm3.x+;xcos$x—;sm3.x {+¢} ( Ignore subsequent working 3]
6

@ M1: Use of "integration by parts’ formula uv — j vi' (whether stated or not stated) in the correct direction,

where u = x — u’ =1 and v'=sin3x — v = kcos3x (seen or implied), where k is a positive or negative
constant. (Allow k =1).

This means that the candidate must achieve x(kcos3x) —J. (kcos3x), where k is a consistent constant.

If X appears after the integral, this would imply that the candidate is applying integration by parts in the wrong
direction, so MO.

Al: —%xcosh-j —%cosl\' {dx} . Can be un-simplified. Ignore the {dx}.

Al: —%.rcosh + %sin 3x with/without + ¢. Can be un-simplified.

®) M1: Use of “integration by parts’ formula uv — jvu‘ (whether stated or not stated) in the correct direction,

where u = x° — ' =2xor x and v'=cos3x — v = Asin3x (seen or implied), where A is a positive or
negative constant. (Allow 4 =1).

This means that the candidate must achieve x°(Asin3x) —J. 2x(Asin3x) , where u’ =2x
or x*(Asin3x) -—I x(Asin3x) , where &’ =x.

If X appears after the integral, this would imply that the candidate 1s applying integration by parts in the wrong
direction, so MO.

Al: %.r’sinSx-—j%xs'me{dr} Can be un-simplified. Ignore the {dx}

9/
Al: %xl sin3x—§| —-;—xcoslt + %sinlx | with/without + ¢, can be un-simplified.

You can ignore subsequent working here.
Special Case: If the candidate scores the first two marks of M1A1 n part (b), then you can award the final Al

A
as a follow through for -:l;x:siniix—-;-(mcitfollow through part(a) answer ).
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]3]
BE

Question
i S5cheme Marks
[xsin2xde === 21+Ic°izx dx M1 A1 A1
0D
S 5“;“’( M1
[ . P=Z M1 A1
0 4
[6]
Q3.
Q'uestmn Scheme Marks
Number

I'r; - = Z =1'|

@) \“E=e' = v=e|

jxex de = .1'&*"—‘[ e” 1dx M1 Al
=xe’ — 1 " dx
=xe' —e' (+¢) Al (3)

(=x! = &_2]

CIEP &2l
L= = wv= e‘J

1 e dr = xTe - [ e’ 2x dx MI Al
=y —2| xedx
=xe" -2(xe" —e"|+¢c Al (3)
(6 marks)

Subscribe To The Ultimate Study Tool For A-Level
Maths At ALevelMathsRevision.com/UST



Need more help with this topic? Go to ALevelMathsRevision.com for video tutorials and more! %

Q4.
%‘:ﬁ;’gg;‘ Scheme Marks
(a) f(6)=4cos’6—3sin’ @
/ \ { \
=4:-{~+]:cos.‘6;-~5[~l:~]:cos.‘d: M1 M1
\ 2 P ) Sy e | /
L7
=—+—c0s20 * cso | Al 3)
; 5 | IOORE . ) e
(b) |0cos-t9dt9=—‘dsm-d—TJsm-ddﬁ M1 Al
1 1
=—@sm2f+—cos2f Al
2 4
2. I 7
|6‘I(t‘9)d&=——8'»——55u118~——c0520 M1 Al
; 4 B 8
- ‘|—:; i;a)_;‘_[o,n-_J Mi
L do Tl16 7 8 8
ol Al 7
16 4
[10]
Q5.
Question Scheme Marks | AOs
C:y=xlnx; ]is a normal to Cat Ple, )
Letx, be the x-coordinate of where [ cuts the x-axis
' 2
L .28 Inx + x| l| {=1+Inx} Lot 23
dx x Al 1.1b
. 1 1
x=e.mr=2=my=—= ::»_1'—e=—;(.\'—ej
: - - M1 3la
_'I.'=0:}—E‘=—?{l'—f_':l = x=_.
I meets x-axis at x =3e (allow x=2e+elne) Al 1.1b
a2 1 .
{Areas:} either | xlnxdy = [ ]: = .. or —((ther x,) —e)e M1 21
vl &
[ ol s, P an
-|J‘.r]n.1d1= i E.\ Inx _J‘T? pdx| M1 21
[1, P I 1, dM1 | LIb
i==xInx—- |=x{de}; = =x'lnx ——x
|.- 21 X EY‘ l}_l 2r X 41 Al 11b
r 1,
Area(R)=| xlnxdr =[ .. | = .. ; Area(R,) = —((their x,) —e)e
& .L [~} - 4 M1 3.1a
and so. Area(R) = Area(R,) + Area(R,)  {= L& +1+e}
Area(R)=3e’+1 Al 1.1b
(10)
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]3]
BE

Q6.
‘?Iﬁ;i:f Scheme Marks
y=dx—xe,x=20
(a) E,1'=U = dx—xeT =0=x(4- e)=0 :'}
Attempts to solve E;’I = 4 giving Xx=_. M1
=4 = x,=4In2 _interms of *Alnu where u > D )
4In2 cao (lgnore x=0) [ A1 "
......... 121
1 el ,8' La=>0, ,Ei‘ 0 | M1
(b) -HIE' dx]l = 2xel — |2e? {[h'} --------------
: jle . With or without dx i‘&mmj
; T e e i T
= 2re? —4e? {+ f‘} lre- —4E e mithnrmithout +C Al
S S A B3l
(c) H41d351|=— 2x 4x —:-EJL‘OIT_UE Bl
..-h1 ........................ |_ .r..] ........... | -_|-4lnmh,5amh;;“ ....................... T
H (4x — xe¥) dx} = lel - 2xe? —de? IJ
Vo . ) ],
o .l.r ......................... L _h-] ...... L h-]\ .............................. _l .I:.]:.I. .........................................
=12 2(4In2)* - 2(4In2)e?  + 4e? )| (0)° — 2(0)e % J See notes | M1
=(32(1n2)* - 32(1n2) + 16) — (4)
32{111"') T’{lu” 4 l"I 32(In2)* — 32(In2)+ 12, see notes | Al
[3]
8
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3] E3]
EE
Q7.
Questron -
Nusmber Scheme
d 1
. |t =lny = 1—‘ =— i
(a) —nx dx ' I 3 '
o dv  _ - X -1
— X V- - —
iy 2002 )
B -7 1 1
in the form —/ I x :J.u— - | M1
X X
-1 -1 1 -1
= — ¥ - gy dy 7[11\ sunplified or un-smphified. | A1
x” 223 2
-J - =3 amplafied or un-splified | A3
2x° X
= —lnx *-—l-" —l—. dy
_‘ - |
1 1 7
1 1 5 U [N tlp— .- = =p" | am
= 1:h|\'o_" 1.:‘"‘-‘ vy
- v Comrect answer, with'without « ¢ | Al
15}
It : Applies lanuts of 2 and
1 | 1
b) R e ¢ . & l e ST S I (B Sy O I to their part () | , ..
|[ 2x° ax § | 2(2y 02) ) 201y a1y answer and subtracts
(he corract way round.
- - ]lnl' or —-In2% or l;|3-2h12,n elc, or awrt 0.1 or equivalent, | Al
16 8 16 16
(2]
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Q8.
ﬁﬂ;ﬁégﬂ Scheme Marks
) (u=x — W 1
|,_a]' J - o dx . i
|gr =C0s2x = V =Zsin2x|
(see note below)
Use of ‘integration by
Int = |xc052;< dx = %xsin?x—j%sinzﬂ dx parts' formula in the | M1
J correct direction.
Correct expression. | A1
sin2x — —4cos2x
= 2xSin2x —4(-Zcos2x) + ¢ or sinkx — —Xtcoskx | dM1
with k=1, k =0
= 7XSIN2X + COS2X + C Correct expression with +¢ | A1
[4]
o o o Substitutes correctly
(b) xeos® x dx = | xS dx for cos® xin the | M1
il il given integral
17 17 .
= | xcos2x dx + — | x dx
2 2.
W1, .1 Lo, 1 (their answer to (a)):
= —| —Xxsin2x + —cos2x .+—jxdx 5 (@) INEE
212 4 P2 '
or underlined expression
= lxsinzx + lcoszx— 1 x* (=) {_lomplet_ely DINTEd A
4 8 expression with/without +¢
[3]
7 marks
Notes:
(b) Int = | Xcos2x dx = %xsinzx:jésinzxj dx This is acceptable for M1 | M1
.[u =X = L1 |
| % —cos2x = v =Asin2x]|
[ , A e _ This is also
Int = | xcos2x dx = Axsin2x+ | Asin2x.1dx -
.l - J 3 acceptable for M1 M1
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Q9.
Question .
Number Scheme Marks
; s 5—x)
Q (a) |\‘(5—-1')d\'=J.(5—.\')'dx=( }) (+C) M1 AT (2)
|=-=(5-x)}+C|
b)| @) [(x=1)V(5-x)dr=-Z(x-1)(5-x) += [ (5-x) dx M1 ATft
2 5—1‘5 :
= i ( ‘) (4.(_) M1
d =
2 4 3
=_T(\-~1)(.<—.\-f--l—<(__<-_\-)- (+C) A1 (4)
o I 3 4 ;“‘ ( 4: a0
— - 8 P o — <_ - - — - () x ~
uu'- S (x=1)(5-x) - —(5-x) |, (0-0) l\u =l
128 8 ) —_—
. ‘=S—§s_53| awrt 8.53 MIAT  (2)
5\ S )
(8]
Alternatives for ( b) and (c)
b) w=5-x = Zudl—l=- ‘ :.wﬁ-—--.‘uE
dx ‘ dut )
2),, dx [ 2
I(\‘—l)-,(.‘—\')d\'= (4-u )u?du=|(4-u Jua(=2u ) e M1 A1
a v
* 4 2 : < S 3
=|(lu —Su‘)du=:u'—ju' (+C) M1
2 4+ 8 ‘4 . .
==(5-x)' ——(5-x)° (+C) Al
) 3
(¢) x=]1 = u=2, x=5= u=0
[2 x 64 64
":u ——nu 1' =(0-0)- T__; M1
L3 5 3
128( 8 o
= l:S—ts._‘S1 awrt 8.53 Al (2)
15\ 15 ’
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