ALevelMathsRevision.com
Implicit Differentiation Exam Questions Sheet 1 — Worked Solutions

Question 1 (Jun 2007, Q6)

Worked Solution

Curve: 22 + 3zy + 4y* = 58. Find normal at (2,3) in the form ax + by + ¢ = 0.
Differentiate implicitly:
d d
2x—|—3y—|—3x—y—|—8y—y =0
dx dx
Br+8) Y = _op_3
% — =2z —
Y du )
dy  —2x —3y
dr 3z + 8y
At (2,3):
dy —4-9 —13
de — 6+24 30
Gradient of normal = ?—g
Normal through (2, 3):
30
y—3:1—3($—2) — 13y —39=30x—60 = 30x — 13y —21 =0
302 — 13y — 21 =0
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Question 2 (Jan 2008, Q4)

Worked Solution

Curve: 23 + 422y + y® = 6. Find normal at (1,1) in form az + by + ¢ = 0.

Differentiate implicitly:

d d
322 + 8zy + 422 1 32% — ¢
dx dx

(42® + 3y2)3—i = —32% — 8wy
dy  —3a® —8uay
de ~ 4x? + 32
At (1,1):
dy —-3-8 11
dr — 4+3 7

Gradient of normal = I

Normal through (1, 1):

7
y—lzﬁ(m—l) = lly—11=7r -7 = Tx—1ly+4=0

Tz — 1y +4 =0
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Question 3 (Jan 2009, Q8)

Worked Solution

Curve: 23 + y* = 6xy.

dy

i) Find —

(i) Fin T
Differentiate implicitly, treating 6xy with the product rule:

d d
322 + 32 — 6y + 602
dx dx

d
(3y* — 6x)d—i = 6y — 327

dy_6y—3x2_2y—x2
de 32 —6x 42— 2

d
(ii) Show (2%/3,25/%) lies on the curve and d_y =0 there
i

Let x = 243,y = 25/3;
3=2t=16, ¢y¥=2°=32

2?4y =48, 6bry=06x23x 2% =6x2"% =6 x8 =48/

d
Numerator of d—y: 6y — 322 =6x2/3 -3 x283=6x22—6x28=0¢
x

(iii) Point (a,a) with a > 0: find a and gradient

Substitute y = x into curve: 23 + 23 = 622 = 223 = 62> = x = 3 (since z > 0).
So a = 3, point is (3, 3).

dy 2(3)-9 -3
de  9-—

a = 3. Gradient at (3,3) is —1.
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Question 4 (Jun 2009, Q8)

Worked Solution

d 28x — 7
(i) Show ﬁ = %2;/ for 142% — Ty +y*> = 2

Differentiate implicitly:

dy d
28x — Ty — 7:E—+2y el =0

dx dx
dy
(2y — Tz)—= i =Ty — 28z

dy Ty—28xz —(282—Ty) 28x—Ty
de ~ 2y—Tz —(Tz—2) Tz—2y

(ii) Find coordinates of N, where tangents at L and M meet

Atr=114-Ty+9y*=2 = ¥*-Ty+12=0 = (y—3)(y—4) =0,s0y=3
ory =4.

28 — 21
At L(1,3): &y _ = 7. Tangent: y —3=T(x— 1) = y="T7r—4.
dr ~ 7—6
dy _ 28-—128
At M(1,4): = 7_8 0. Tangent: y

Intersection: 7t —4 =4 — x = =

=
8
N=(24
=4
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Question 5 (Jun 2010, Q5)

Worked Solution

Curve: 2% + 4y + 2y? + 18 = 0. Find the two stationary points.

Differentiate implicitly:

d d
97 + 4y + 4e ¥ + 492 — ¢
dz dz

dy
4 qy)— = —2x — 4
(4 +4y) -~ x—4dy
dy —2x—4y —(z+2y)
dr  4x+4y 2z +vy)

d
At stationary points, d_y =0 = z+2y=0 — z=—2y.
x
Substitute into curve:
(—29)2 + 4(—2y)y + 2y° + 18 = 0

4 =8+ 22 +18=0 = -2’ =—-18 = ¢* =9
y==+3, x=7F6

Stationary points: (6, —3) and (—6, 3)

(@
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Question 6 (Jan 2013, Q3)

Worked Solution

d
Curve: xy? = 2? + 1. Find d—y and stationary points.
T

Differentiate implicitly using the product rule on xy?:

d
y2 + Qxy—y = 2%

dx
dy 2z —y?
de 2y
dy 2z —y?
dr  2uxy

d
At stationary points, d_y =0 = 2r—y*=0 = y? =2x.
T

Substitute into curve: z(2x) =22 +1 = 2> =1 = x = +1.

Since y?> = 2z > 0, we need z = 1, giving y> = 2, so y = £/2.

Stationary points: (1, \/5) and (1, —\/5)
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Question 7 (Jun 2015, Q7)

Worked Solution

Curve: (z +v)? = zy?. Find gradient where z = 1.

Differentiate implicitly using chain rule on LHS and product rule on RHS:

dy\ 5 dy
2(x+y)<1+dx>—y +2xydx

First find y when z = 1: (14+9)’ =9 = 1+2y+ 1y’ =9*> = 2y=-1 = y =
1

L
At (1, —3), z+y =3

dy 2 dy
2(3)(1+2) = (-3 +20(-) L
Ly 1 dy
dev 4 dx
dy _1_,_ 3
de 4 4
dy _ 3
dr 8
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Question 8 (Jun 2016, Q3)

Worked Solution

dy
dr’

1
Given ysin2z + — + y* = 5, find
7

Differentiate implicitly:

d 1 d
—ysin2x+2y0052x - — +2y—y =0
dz 7" dz
d 1
(sin 2z + 2y)d—i =5 2y cos 2z

dy 4 — 2y cos 2z ~ 1—2z%ycos2x
dr  sin2r+2y  22(sin2z + 2y)
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Question 9 (Jun 2014, Q6)

Worked Solution

Curve: 2% + 9% — 8xr — 12y = 4. At P and () the tangent is parallel to the y-axis.

Differentiate implicitly:
dy dy

27 + 3y’ —= -8 —-12-—= =0
Ty dx dx
(3y* — 12)@ =8—2r
dz
dy — 8—2
dr  3y% —12
: dx : : dy :

Tangent parallel to y-axis means i 0, i.e. denominator of e — 00, which means

Y x
d
ar_ 0:
dy

32 —12=0 = 1’ =4 — y =42
Substitute y = 2 into curve:
> +8—-8r—24=4 = 22 -82-20=0 = (z—10)(z+2) =0

Sox=10o0or z = —2.

Substitute y = —2:
’—8-8r+24=4 = 1°-82+12=0 = (z-6)(z—2)=0

But we need points where the tangent is parallel to the y-axis; checking: from the
diagram P and @) are the leftmost and rightmost points.

With y =2: x = -2 or z = 10. Withy = —-2: x =2 or x = 6.
dx

The points where the tangent is parallel to the y-axis (i.e. T 0):
Y

dx

— =0 = 8-2z=0 — z=4.

dy

Substitute x = 4 into curve:
16+1y°—32—-12y =4 — 3> — 12y —20=10
Tryy=—-2: -8+24—-20=—-4+#0. Tryy=2: 8 —24 — 20 # 0.

d
Re-examining: parallel to y-axis means d—y is undefined (denominator = 0 and numer-
x
ator # 0), so 3y? — 12 =0, y = +2.

Aty=2r=100r x = —2. Check 8 —2x #0: at t =10, 8 —20# 0 v'; at x = —2,
8+4£0V.
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P =(-2,2)and @ = (10, 2)
(Also valid: the two points with y = 2 since y = —2 gives x = 2 or 6 but these
are not the leftmost/rightmost shown in the diagram.)

End of Worked Solutions

10




