ALevelMathsRevision.com
Implicit Differentiation Exam Questions Sheet 2 — Worked Solutions

Question 1

Worked Solution

Curve: Iny =2zInz, x>0,y > 0. Find gradient at =z = 2.

Differentiate implicitly with respect to x:

1d 1
__y:21nx+2x-—:2lnx+2
xr

y dx

Find y when 7 = 2: Iny = 2(2)In2 =41n2, so y = ¢*2 = 16.
At the point (2, 16):

1 dy
— 2 =2In2+2
16 dx et
dy
— =16(2In2+2) =32In2 + 32
dx
dy
— =16(2+2In2
T (2+2In2)
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Question 2

Worked Solution

Curve: 2° — 4y% = 12xy.

(a) Coordinates where z = —8

Substitute z = —8:
(—8)° —4y® = 12(-8)y = —512 — 4y’ = —96y

4y — 96y +512=0 = 4> —24y+128=0
(y—16)(y—8)=0 —= y=16o0ry =38

(—8, 8) and (-8, 16)

(b) Gradient at each point
Differentiate 2® — 4y? = 122y implicitly:

dy dy
2

—8y—2 = 12y + 1202

3 ydx Y+ :de

dy

2 _ 12y = (122 + 8y)-=

3z y = (122 + y)dx

dy  3x* —12y

dr 122+ 8y
At (-8, 8):
dy  3(64) —12(8)  192-96 96
dr  12(—8) +8(8) —96+64 —32
At (=8, 16):

dy  3(64) —12(16)  192-192 0

dr  12(—8) +8(16) —96+ 128 32

At (=8, 8): gradient = —3. At (-8, 16): gradient = 0.
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Question 3

Worked Solution

Curve: 322 — % + zy = 4. Gradient of tangent is % at P and Q.
(a) Show y —2x =0 at P and @
Differentiate implicitly:

y dy
_2_ —_—
6z ydx+y+xdx 0
dy
— O =2 — —6p —
(z=2y)— = —6z —y
dy —6x—vy
dx x— 2y
dy 8
Set%—g
—6x—y_§
r—2y 3

3(=6z —y) = 8(z — 2y)
—18z — 3y = 8x — 16y
13y =26 = y =2z

y—2r=0at Pand Q v

(b) Find coordinates of P and @

Substitute y = 2x into the curve equation:
372 — (22)2 +2(22) =4 = 32— 42’ +22° =4 = 2’ =4

T=42, y=i14

P=(2,4)and Q = (-2, —4)
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Question 4

Worked Solution

Curve C: cos2r +cosdy =1, -7 <zx<7 0<y<

SE]

dy
Find —=
(a) Fin e
Differentiate implicitly:
d
_92sin 2z — 3sin3y 2 = 0
dx

dy  2sin2x
de  3sin3y

(b) Find y at P where r = 7

[

9 1
cos(%) +cos3y=1 = cos(g)+0053y:1 = §+COS3?J:1

1 T T
Cos3y:§ — 3y:§ _— y:§

_r
Y=9

(c) Equation of tangent at P = (%, %)

dy 2sin (%) 2
dr 38111(%) 3

s 2 s
Tangent: y — 9= —g(x — g)

Multiply through by 9:

9y—7r:—6(3:—%) =6+

6z + 9y — 27 = 0

6x+9y — 27 =0
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Question 5

Worked Solution

Curve C: 2% — 3zy — 4y> + 64 = 0.

d
(a) Find %

Differentiate implicitly:

dy dy
2z — +3r— | —8y— =0
(3y 3z dx) 8y 7

d
21 — 3y + (—3z — 8y) L = 0

dz
dy 2z —3y
de 3z +8y
dy  2x—3y
de 3z +8y
: : dy
(b) Find coordinates where i 0
d 2
Ve = 2w-3y=0 = y="—=
dz 3

Substitute into curve:

2z 22\ 2
2
-3z — ) -4 — 64 =
-a(¥)-4(5) +

1 2
P B R YR

o A6t %at o, 576
—_ J— = — —_ — r = —
T Ty 9 25

24 16

xZi_) Yy==x—

5 5

(@
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Question 6

Worked Solution

2 +y? + 10z + 2y — 4oy = 10

d
(a) Find %

Differentiate implicitly:

dy dy dy
2 20— +10+2—= —4y —4x— =0
T ydx+ * dz y xdz
dy
(2y+2—4x)d—:—2x—10+4y
0

dy —2x—10+4y 4y —2x—10
dr  2y+2—4x  2y—4zr+2

Simplify by dividing numerator and denominator by 2:

dy 2y—wx—5
dr  y—2zx+1

d
(b) Find values of y for which d—y =0
G
2y—r—-5=0 = xz=2y—5

Substitute into original equation:
(2y — 5)? +y* +10(2y — 5) + 2y — 4(2y — 5)y = 10
4y® — 20y + 25 + 32 + 20y — 50 + 2y — 8y* + 20y = 10
—3y% 4+ 22y — 25 = 10
3y? — 22y +35=0
By —7)(y—5)=0
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Question 7

Worked Solution

Curve: 2% — 2xy + 3y? = 50.

d _
(a) Show v

dr  3y—=x
Differentiate implicitly:
dy dy
2z — 2 — = =
x <y+xdx>+6ydx 0
dy
2x — 2 —2x+6y)— =0
=2y + (=22 + 6y)

dy 2y—2xr y—:v‘/
dr  6y—2z 3y—=x

(b) Find exact coordinates of P (furthest west)

d
At P the tangent is parallel to the y-axis, so d_x =0,ie.3y—xr=0 = z=3y.
Y

Substitute into curve:
(3y)* — 2(3y)y + 3y* = 50 = 9y* — 6> + 3y*> = 50 = 6y = 50

3 3

P is furthest west (most negative z-value), so z =3y <0 = y < 0:

yz—@, =3 X (—%> = —5v/3

Y

3 3

(o

(c) How to find the point furthest north

d
Set d—y =0,ie.y—x =0 = y = x. Substitute y = x into the curve equation and
i

solve for x, then take the positive y value (largest y).
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Question 8

Worked Solution

Curve C: pz® + qry + 3y? = 26.
apx? + bqy
qr + cy

(a) Find % in the form
T

Differentiate implicitly:

d d
3p22 + qy + gz + 6y 0

9 _
dx dx

d
(gz + Gy)d—i = —3pz® — qy

d —3pa? —
—yzu, soa=-3,b=—-1,c=6
dx qr + 6y

(b) Find p and ¢
P(—1,—4) lies on C:

(=12 4+ q(—=1)(—4) +3(—4)? =26 — —p+4¢+48 =26 — —p+4g=—22 (1)

19

Normal at P has equation 19z + 26y + 123 = 0, so gradient of normal = T
. 26
Gradient of tangent at P = o

Using Z—i at (—1,—4):
—3p(1) —q(—4) _ 26
(1) +6(-4) ~ 19
—3p+4q 26
—q—24 19
19(—3p + 4q) = 26(—q — 24)
—5Tp + 76 = —26q — 624

—5Tp+102¢ = —624 (2)

From (1): p = 4q + 22. Substitute into (2):
—57(4g+22)+102g = —624 => —228¢—1254+102¢ = —624 = —126¢ = 630 =>

p=4(-5)+22=2
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Question 9

Worked Solution

Curve C: 3" '+ a2y —y?> +5=0.

d 1
Show that d—y at (1,3) can be written as X In(pe®) where A, uu are integers.
G

d
Differentiate implicitly (note —(3*~1) = 3! 1In 3):

dx
d d
3x_1ln3+y—i—x—y—2y—y=()
dx dx
dy =il
— )2 = —32 113 —
(& —=2y)—~ = -3""In3 —y
At (1, 3):
(1—6)%:—3011&3—3:—1113—3
dy
-5-2 — _In3—
5da: 0 — &
dy In3+3
dr 5

Now use 3 = ln e?:

dy m3+Ine> In(3e?) 1 5
—_— = = = —1
dz 5 5~ 5.008¢)
dy 1
- n(3e’), soA=5,pu
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Question 10

Worked Solution

Curve C: 42% — y3 — 4zy + 2Y = 0. Point P(—2,4) lies on C'.

d
(a) Find exact value of d—y at P
G

d d
Differentiate implicitly (d—(2y) =2YIn2- d—y)
G 7

5 dy dy dy
-3y —= —4dy—4xr—+2In2-
8z — 3y° I Yy — e + dr =0
At (—2,4), note 2% = 16:
dy dy dy
—2) —3(16)— — 4(4) — 4(-2 161In2 -
8(=2) —3(16) -~ — 4(4) —4(=2)7 " +16In2. -~ =0
dy dy dy
—16 — 48d——16+8%—|—161 n2- %—0
dy
—324+(—-40+16In2)— =0
+ (=404 161n )dx
dy 32 32 2

dr ~ —40+16n2  16(n2—2) In2—2

Multiply numerator and denominator by 2:

dy 4 , 32
dr " 2ma—p (cauvalently eI
(b) Find y-coordinate of A, where normal meets y-axis
4
Gradient of tangent at P = Tt
2In2—-5 5—2In2
Gradient of normal my = — - 1 = 1 - .
Normal line through P(—2,4):
5—2In2 5—2In2
y—d=—71—@-(=2)=——@+2)
4 4
At y-axis, x = 0:
5—2In2 5—2In2
y T2 >
_,,5-2m2_8+5-2ln2 _13-2In2
v= 2 2 T2
13 13
y:7—1n2, ie p_?,q:—l

10
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Question 11

Worked Solution

d
Curve C: 2% + y* = 2zy. Find exact d_y at (3,2).
5

d
Differentiate implicitly (note d—(2’”) =In2-2%):
T

d d
J :2y+2x—y

In2-2% +2y—=
n + ydx dx

dy
2 — 21)—2 =2y — In2 - 2%
(2y x)dx y—1In

At (3,2), note 23 = &:

dy
4—6)—2L =4—8In?2
( )dx n
dy
272 —4—8In?2
. 81n
dy _4=8Im2_ o 5
dx —2
dy
2 = 4In2—2
dx n

End of Worked Solutions

11



