ALevelMathsRevision.com
Functions (Domain, Range and Inverse) Exam Questions (Sheet 2) — Worked Solutions

Question 1

Worked Solution

(a) We need to show that f(x) =

> 3.
x-i—l’x

Start with ) . .
fa)= 22— __

22 —-2x—3 x-3

Factorise the denominator of the first fraction:

° =2 —3=(z—3)(z+1).

So
O 2z-1) 1
@) = G+ -3

Write both fractions over the common denominator (x — 3)(x + 1):

f(z) 2z-1) z+1 :2(a:—1)—(x+1)
(x=3)(z+1) (z-3)(z+1) (x —=3)(z+1)

Expand the numerator:

2c—-1)—(z+1)=2c—-2—-z—-1=2-3.

Therefore 3 |
x —
f(r) = = ) O
(@) (z=3)(z+1) =z+1 v>3

(b) Find the range of f.

| =

Since x > 3, we have x + 1 > 4, so
z+1

1
Also f(x) = = > 0 for all x > 3.

X

As z — oo, f(z) = 0T; as o — 3%, f(z) — 1.

1
Range of f: 0 < f(z) < 2

(c) Find f~!(z) and state its domain.

1
Let y = T Rearrange to make z the subject:
r+1=

Replace y with x:
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1—2 1
f_l(l'): T :5—1

1
Domain of f71: 0 <z < 1 (equals the range of f)

(d) Solve fg(z) = %, where g(z) = 222 — 3.

1
First apply f to g(z). Since f(t) = L

Be) =G 1 22

1
Set equal to gz

1 1

_ 2 _ 2 _ 2

r=+V5
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Question 2

Worked Solution

3(z+1) 1 1
f: — R =.
$H2x2+7x—4 gp <5 41° e T2y
1
Show that f(z) = :
(a) Show that f(z) Sr—

Factorise the denominator of the first fraction:

222 + Tx — 4 = (22 — 1)(z + 4).

S0
3@+ 1
fe) = 2z —1)(z+4) z+4

Common denominator (2z — 1)(z + 4):

¢ 3 +1)-(22-1) 3rx+3-22+1 z+4 1 O
@) = D18 @D+l @-Detd -1

(b) Find f~!(x).

1
Let y = T Rearrange:
1 1 1 1
Yy (0 (1 2y
1+z
f—1 =
(2) = —~

(c) Find the domain of .

The domain of =1 equals the range of f.
1

1
Sincex>§,Wehave2x—1>0,sof(a:)=2x_1>0.

Asz — %Jr, f(z) — +o00; as @ — oo, f(z) — 0T.

Domain of f~1: >0

1
(d) g(z) = In(z + 1). Solve fg(x) = = giving the answer in terms of e.

fa(w) = (e + 1)) = +1 —
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1
Set equal to =

1 1
—Z — 2l(@+1)—1=7 — 2In(z+1)=8 — In(z+1) = 4.
2ln(z +1) -1 7 a(z+1) nle 1) n@+1)

Exponentiate:

4

r+l=e¢" = z=¢*—1.

r=e*—1
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Question 3

Worked Solution

3
firx—1-2232€R;, g:z———4,2>0.
x

(a) Find 1.
Let y =1 — 223
1 1\ /3
2x3:1—y:>x3:—y:> _(Ty>
1—2 1/3
1 (z) =
0= (457)
8z3 — 1
(b) Show that gf:$i—>1_2x3.
3 3—4(1-22%) 3-4+87° 8x®-1
f(r) =g(l—27°) = ——— —4= = = .
gf@) =gl -22) = 755 1— 243 1—22%5  1- 23

(c) Solve gf(z) = 0.

8r3 —1 1 1

——— =0 = 82°-1=0 = == = z=—.

1 — 243 ! TTR T T
(Note: the denominator 1 — 2z% # 0 when © = § since 1 —2- 3 =2 =£0.)

1
T ==

(d) Use calculus to find the coordinates of the stationary point on y = gf(x).
8x3 —1
1— 213"

Write y = Use the quotient rule with v = 823 — 1, v = 1 — 22%:

u = 2422, o = —6a2.

dy vv—w' 242*(1 —22%) — (82° — 1)(—62?)
de 2 (1 —223)2 '

Expand the numerator:

247% — 48x° + 62%(8x% — 1) = 242? — 482° + 482° — 62° = 1822

dy — 18a?

0 0 T U=z

(@
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dy

Setd—:O: numerator =0 = 1822 =0 — z = 0.
x
0—1
When 2 = 0: g = o=+ — 1,
en x v=1"0

Stationary point at (0, —1)
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Question 4

Worked Solution

,x €R, x #3.

f:z—In(2z — 1), z € R, x>%; g T

-3
(a) Find the exact value of fg(4).

fg(4) =1In3

(b) Find f~!(z), stating its domain.
Let y = In(2x — 1). Exponentiate:

e¥ +1

eV=2r—-—1 = 2r=€e+1 = zx = 5

f=1(z) = , domain: z € R (all real numbers)

(The domain of f~! equals the range of f; since f has domain z > %, its range is all of
R.)

(c) Sketch y = |g(x)].

2 2

2
= . vertical tote x = 3 —axis at g(0) = —— = —=.
g(x) — g Vertical asymptote z , crosses y-axis at g(0) 0_3 3

For |g(z)|: the part of the curve below the z-axis is reflected upward. The vertical
asymptote remains x = 3; there is no horizontal asymptote crossing. The graph crosses

2
the y-axis at (0, §>
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(d) Find the exact values of = for which . 3‘ = 3.
This gi = = 3.
1sg1vesx_3 30rx_3 3
2 2 11
Casel:x_3:3:>a:—3=§:>x:3+§=§.
2 2 2 7
Case2.x_3——3:>x—3——§=>x—3—§—§.
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Question 5

Worked Solution

3—2
frx— xxGR,x#S

(a) Find f~!(z).

3—2
Let y = —; Rearrange:
x p—

y(x—5)=3-2r = zy—5y=3—-2x = zy+2z=3+5y — z(y+2) =3+5y.
3+ dy

Y+ 2

B 5r + 3
f1<$>:x—_'_2, x7é—2

The function g is linear from (—1,—9) to (2,0) and from (2,0) to (8,4).
(b) Range of g:
The outputs run from —9 (at x = —1) to 4 (at x = 8), passing through 0 (at x = 2).

Range of g1 —9 <y <4

(c) Find gg(2).
g(2) = 0 (given). Then gg(2) = g(0).

0
On the segment from (—1,—-9) to (2,0): gradient = 5

Sog(r)=3(x+1)—9=3x—6o0on —1<z<2.
g(0) = 3(0) — 6 = —6.

g8(2) = =6

(d) Find fg(8).

g(8) = 4 (given endpoint). Then:

fg(8) = f(4) = 34__2(54> = 3__18 = :—i =5

fg(8) =5

(e) Sketches:

(i) y = |g(z)]: reflect the part from (—1, —9) to (2,0) in the z-axis (since g < 0 there);
the segment from (2,0) to (8,4) stays unchanged.

Key coordinates: (—1,9), (2,0), (8,4). The graph meets the z-axis at (2,0).
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(_179)

& T
(2,0)

(ii) y = g7 '(z): reflect the original g in the line y = .
The points (—1,—9), (2,0), (8,4) become (=9, —1), (0,2), (4,8).
The inverse is two linear segments from (=9, —1) to (0,2) and from (0, 2) to (4, 8).

(f) Domain of g~ !:
The domain of g=! equals the range of g.

Domain of g71: -9 <2 <4

10
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Question 6

Worked Solution

frx—2z+43,2eR;, g:x—3—4x, zeR.
(a) State the range of f.
Since |z| > 0 for all z, we have 2|z| 4+ 3 > 3.

Range of f: f(z) > 3

(b) Find fg(1).

g(1) =3 —4(1) = —1.
fg(1) =f(-1)=2|—-1|+3=2(1)+3=5.

fg(1) =5
(c) Find g ().
Let y =3 — 4x:

3
dr=3—-—y = szy.

(d) Solve gg() + [g(x)]* = 0.

First compute g(x) = 3 — 4z, then gg(x) = g(3 —4z) =3—-4(3—4z) =3—-12+ 16z =
Ilows = ©.

Let u = g(x) = 3 — 4z. The equation becomes:
ge(z) + [g(2))? = (162 — 9) + (3 — 42)* = 0.
Expand (3 — 42)? = 9 — 24z + 162*:

162 —9+9 —24r + 162° =0 = 162> —8x =0 = 8z(2x — 1) = 0.

1
r=0 or x=-

11
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Question 7

Worked Solution

(a) State the range of g.
Since x > —2, we have vz +2 > 0, so g(x) > 3.

Range of g: g(z) > 3

(b) Find g~!(z) and state its domain.

Let y=3++Vz + 2
Vr+2=y—3 = z2+2=(y—-3)? = z=(y—-3)*-2.

g Hz)=(r—3)?—2, domain: x >3

(c) Find the exact value of x for which g(z) = z.

S+tvrt+2=2 — vVz+2=z—3.
For this to be valid we need x > 3. Square both sides:

r+2=(r—-32=2"-62+9 = - Tz +7=0.

Using the quadratic formula:

7£VA9 28  7+4+/21

T = = .
2 2

7-v21 7458

> — 1.21 < 3 (rejected).

Since we need x > 3: check

7+ v21
r=——"
2

(d) Hence state the value of a for which g(a) = g~ !(a).
When g(x) = z, we also have g~!(z) = x (since if g(a) = a then applying g~! gives
a =g !(a)). Therefore:

a_7+\/ﬁ
=5

12
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Question 8

Worked Solution

f:2— e?® + k2% x €R, k a positive constant.
(a) State the range of f.

Since e?* > 0 for all x, we have e** + k? > k2.

[ Range of f: f(z) > k* ]

(b) Find f~! and state its domain.
Let y = e2® + k2

1
e =y—k¥ = 2r=I(y—k*) = x:§ln(y—k2).

1
f=(z) = 3 In(z — k%), domain: z > k?

(c) g(x) = In(2z), z > 0. Solve g(x) + g(z?) + g(a®) = 6.

Using log laws:
In(27) + In(22?) + In(22°) = 6.

In(2z - 22” - 22°) =6 = In(82°%) =6 = 8a° =¢€".

eb 0\ /6 e e e
r 8 ( 8 ) 81/6 21/2 \/§

(d) Find fg(x) in simplest form.

fg(z) = f(In(2z)) = 2% 4 k2 — (22)2 + k? = 422 + k2.

fg(x) = 4a* + k*

(e) Solve fg(z) = 2k2.

k‘2
422 + k2 =2k — 42’ =k — x2=Z = m:§

(Taking positive root since z > 0 is the domain of g, and k& > 0.)

_k
Ty

13
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Question 9

Worked Solution

The function f has domain —2 < z < 6, linear from (—2,10) to (2,0) and from (2, 0)
to (6,4).

(a) Write down the range of f.

The function takes all values from 0 (minimum at = 2) to 10 (at x = —2), passing
through 4 (at z = 6).

Range of f: 0 < f(z) < 10

(b) Find f(0).
0—10 -10 5

On segment (—2,10) to (2,0): gradient = > () ===

Using point (2,0): f(z) = —g(x —2) for —2<zx <2

§0) = —g(o _9) =5
. 4—0
Now find f(5). On segment (2,0) to (6,4): gradient = i L.
f(z) =2 —2for 2 <z <6.
f(5)=5—2=3.
f(0) = 3
g:r — _3x,$€R, i =5 3
(c) Find g~ !(z).
4
Let y = i 3:L,:
d—1x
oy — 4
y(5—x) = 443r = by—zy =443z = by—4=zy+3r =z(y+3) = z = V13
or —4
-1 _ -3
gl(2) =g, vF

(d) Solve gf(x) = 16.
Apply g™! to both sides: f(z) = g~!(16).

5(16)—4 _80—4 76 _

-1(16) = = =
g (16) = =57 19 19

So f(z) = 4.

14
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Case1: On —2<z<2: flz) = -3(z-2)=4 = z-2=-8 = z=2-8=2
v (in range)

Case 2: On2 <z <6: f(x) =x —2=4 = z =6. v (in range)

End of Worked Solutions




