ALevelMathsRevision.com
Differentiation (Chain, Product and Quotient Rules) Introductory Exam Questions (Sheet 1)
Worked Solutions

Question 1 (Jan 2006, Q3)

Worked Solution

a) Differentiate 2%(x + 1)® with respect to x.
(a) p

Product rule: u = 22, v = (x + 1)

d
d—y =2x(z+ 1) + 22 - 6(x +1)° = 2z(x + 1) + 62%(z + 1)°
i
dy _ 2z(z +1)% + 62%(x + 1)°
dz
2
3
(b) Find the gradient of y = x2 i at x = 1.
m J—

Quotient rule: v = 2% + 3, v = 2% — 3:

dy  20(a=3)— (2 +3) 20 20[(a® = 3) — (2> +3)]  22(-6)  —12z
dr (22 — 3)2 B (22 — 3)2 T (22-3)2 (22— 3)2
Atp—1 B T2 712 g

T U dr (1-32 4

Gradient = —3
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Question 2 (Jun 2006, Q1)

Worked Solution

Find the equation of the tangent to y = v/4z + 1 at (2, 3).
Write y = (42 + 1)%/2. Chain rule:

dy 1 4 2
—Z — Z(4 N V2.4=_—=
dx 2(w+) (4z + 1)1/2
dy 2 2
AMr=2 —=—=—.
v de /9 3
2 2 5}
Tangent through (2,3): y —3 = g(:n—Q) = y= gx-i- 3

2 )
y:§x+§ (or 2z —3y+5=0)
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Question 3 (Jan 2007, Q1)

Worked Solution

2 1
Find the equation of the tangent to y = 3$ + ; at (1,2), in the form az + by + ¢ = 0.
x ——
Quotient rule: u=2x+1, v =3z — 1:
dy 2Bx—1)-3@2c+1) 6z-2-6s-3 -5
dr (3z — 1)2 Bz —1)2 3z —1)2

-5
At x = 1: gradient = e

3 )
Tangent: y—éz—é—l(:v—l) = 4y—6=-5r+5 = bHr+4y—11=0.

or +4y —11 =0
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Question 4 (Jun 2007, Q1)

Worked Solution

(i) Differentiate z®(z + 1)°.

Product rule: v = 23, v = (x + 1)°:

d
d—y = 322(x +1)° + 523 (x + 1)
X

3z%(x + 1)% + 53 (z + 1)*

(ii) Differentiate v/3z* + 1.

Write y = (3z* 4+ 1)%/2. Chain rule:

@ 1 623
(3zt + 1)1/2

= 5(3334 +1)712.122% = = 623(32* + 1)71/2
X

613

34+ 1
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Question 5 (Jun 2008, Q3)

Worked Solution

Find the equation of the tangent to y = 2% Inz at the point with x-coordinate e.
2

Product rule: v = x*, v = Inx:
dy

1
=2xlnzx+2*- = =2zlnz+z
dx T

d
Atz =e: i =2elne+e=2e+e=3e.
dz
y-coordinate: y = e?Ine = €.

Tangent: y — e? = 3e(x —e) = y = 3ex — 3e? + 2 = 3ex — 2¢%.

y = 3ex — 2¢?

(@



ALevelMathsRevision.com
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Question 6 (Jan 2010, Q5)

Worked Solution

y= (22 +1)%

d
(i) Find d_y and show the only stationary point is at = 0.
i

Chain rule: ;
d—y = 8(z% +1)7 - 2z = 162(2? + 1)’
v
Set to zero: 16z(z* +1)" = 0. Since (2 +1)7 > 1 > 0, we need z = 0. So the only
stationary point is at x = 0. 0

2

d
(ii) Find d_z and its value at the stationary point.
x

d
Product rule on d_y = 16z(2* +1)":

x
d*y 2 7 2 6 2 7 2/.2 6
5 =162 + 1) + 162-7(a” + 1)° - 20 = 16(a” + 1)7 + 2240°(@” + 1)
5
At . =0: e
Y 7
— =16(1 0=16
T2 D"+
d*y 2 7 20,2 6 . :
prh 16(x* + 1)" + 2242*(z* 4 1)°; value at stationary point = 16
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Question 7 (Jun 2010, Q1)

Worked Solution

Find @ in each case:
dx

() y = ate

Product rule:

d
SV = 3222 420%™ = z%e* (3 + 22)
dz
d
U g2e20 4 932
dx
(ii) y = In(3 + 222)
Chain rule:
dy 4w
dv 3+ 222
dy  4x
dr 3+ 2?2
(i) y =253
Quotient rule:
dy (r+1)—z-2 1
de ~  (2z+1)2  (2z+1)2
dy 1
dr 2z +1)2
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Question 8 (Jan 2013, Q1)

Worked Solution

Find the gradient at x = 2 for each curve.

. 3z
W) y=577
@_3(2x+1)—3x-2_ 3
do (22 + 1)2 - 2z +1)2
Atz =2: 3
25
Gradient = i
5
(i) y = V422 +9
d_y B x B 4
dr  2¢/4224+9 /42249
8 8
At =2 — = —.
V25 5
Gradient = %
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Question 9 (Jan 2013, Q4)

Worked Solution

m = 25060'021t

(i) Find the time for the mass to double, and deduce the time to increase 8-fold.
In2

0.021
8-fold = doubling three times, so t = 3 x 33 = 99 hours.

Double: 250e%921t = 500 — 002t =9 — ¢t = ~ 33 hours.

Time to double ~ 33 hours; time to increase 8-fold ~ 99 hours

(ii) Find the rate of increase when m = 400 grams.

d
d—T — 950 x 0.021 %021t — (.0211m.

When m = 400: rate = 0.021 x 400 = 8.4 g/hour.

Rate = 8.4 g per hour
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Question 10 (Jun 2014, Q1)

Worked Solution

2

y = 42? Inx. Find - when z = .
T

First derivative (product rule):

d_y =8zxlnx + 42%- 1 =8rlnz + 4x
dx T

Second derivative (product rule on 8z Inz):

d?y 1
—2=8lnx+8x~—+4:81na:+8+4:81nx+12
dx T
d?y
T
d2y
— =28
dx?

10
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Question 11 (Jun 2015, Q1)

Worked Solution

4
Find the equation of the tangent to y = ;:v i 3 at (2,-=7).
l’ —

Quotient rule:

dy 5(Bx—8)-3(Bx+4) 1r—40-15c-12 -5

do (32 — 8)2 B (32 — 8)2 (32 —8)2

—52 —52
At z = 2: gradient = (L = = —13.
Tangent: y+7=—-13(z —2) = y=—13z+26—7=—13x + 19.
y=—-13x+19 (or 13z +y—19=0)

11
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Question 12 (Jun 2016, Q1)

Worked Solution

Find the equation of the tangent to y = 3z%(x+2)% at (—1, 3), in the form y = mz +c.

Product rule: u = 322 v = (z + 2)5:

dy _
dv

Atz =-1: (x+2) =1, so:

6x(z +2)% 4+ 322 - 6(z + 2)° = 6x(z + 2)® + 182%(z + 2)°

dy _

— 6(—1)(1)° +18(1)(1)° = -6 + 18 = 12

Tangent: y —3=12(z +1) = y = 12z + 15.

y=12x + 15

12
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Question 13 (OCR 4753, Jan 2009, Q2i)

Worked Solution

Differentiate = cos 2x with respect to x.

Product rule: v = x, v = cos 2x:

d_y = cos2x + x - (—25sin 2x) = cos 2x — 2x sin 2x
G

& _ Ccos 2z — 2z sin 2x
dx

13
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Question 14 (OCR 4753, Jan 2012, Q1)

Worked Solution

Differentiate x2 tan 2.
2

Product rule: u = 22, v = tan 2z (so v = 2sec? 2x):

d
@y = 2z tan 2z + 222 sec? 2z
T
d
W _ 2x tan 2z + 222 sec? 2x
dx

14
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Question 15 (OCR 4753, Jun 2010, Q3)

Worked Solution

(i) Differentiate /1 + 3x2.

Write y = (1 + 322)'/2. Chain rule:

dy 1 2N —1/2 3x
2 =31 Nopr
dy 3z
dr /14 322
(ii) Show that the derivative of zv/1 + 322 is 1—1——69(:2
V1+ 322
Product rule: u =z, v = (1 + 322)1/2, using result from (i):
2 2 2
@:(1+3x2)1/2+$_ 3x :(1+3a:)+3a: _ 1+6a
dx V1 + 322 V1 + 3x2 V1 + 322

End of Worked Solutions



