ALevelMathsRevision.com
Chain, Product and Quotient Rules Introductory Questions (Sheet 2) Worked Solutions

Question 1

Worked Solution
522 + 10z
= —1.
Yy @r1) , T F#
d_y A

= find A )
iz G nd A and n

Quotient rule: u = 522 4+ 10z = 5z(x + 2), v = (z + 1), ' = 10z + 10, v/ = 2(z + 1):

(a) Show that

dy _ (z+1)*(10z +10) — (52 + 10z) - 2(z + 1)
dr (xr+1)*

Factor out (x + 1) from the numerator:

(z +1)[(z + 1)(10z + 10) — 2(52% + 10z)] (= + 1)(10z + 10) — 2(52% + 10z)

(x+1)% N (x+1)3

Expand the numerator:
(z + 1)(10x + 10) — 2(52° + 10z) = 10x* + 20x + 10 — 102 — 20z = 10
Therefore:

dy 10
dr  (z+1)3

A=10,n=3

d
(b) Deduce the range of values of = for which ﬁ < 0.

dy 10
1 A = 1 _— =
Since 0>0, iz~ @ty

<0 when (z+1)3<0,ie x+1<0.

r < —1
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Question 2

Worked Solution

d
Given y = z(2z + 1)*, show that ﬁ = (22 +1)"(Az + B) and find n, A, B.

Product rule: v =z, v = (2x + 1)*

Z—y:(2x+1)4+x-4(2x—|—1)3-2=(2x+1)4+8m(2x+1)3
T

Factor out (2z + 1)3:

= (2z+1)*[(2z + 1) + 8z] = (2z + 1)*(10z + 1)

n=3 A=10,B=1
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Question 3

Worked Solution

y = (2z — 3)5, and the point P has coordinates (w, —32).
(a) Find w.
(2w—3)5:—32: (—2)5 — 2w —3=-92 — w:%_

1
w= -

2

(b) Find the equation of the tangent at P.

d
Chain rule: % =5(2z — 3)*-2 =102z — 3)*.

Atz =1: (2-1 —3)* = (-2)* = 16, so gradient = 10 x 16 = 160.

Tangent: y — (—32) = 160(z — 1) = y = 160z — 80 — 32 = 160z — 112.

y = 160x — 112
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Question 4

Worked Solution

Differentiate with respect to x:
() In(z? + 3z + 5)

Chain rule:
dy ~ 2r+3
dr ~ 2243z +5
2x 4+ 3
24+ 3x+5
coS T

(b)

Quotient rule: u = cosx, v = %

12

dy —sinz-2®—cosz-2x —z?sinz —2rcosz —zsinz—2cosz

dx x4 i 3

—zsinz — 2cosx

3
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Question 5

Worked Solution

Differentiate with respect to x, simplest form:
(a) 22 1In(3x)

Product rule: u = 22, v = In(3z), v = —:
T

d 1
d_y =2zIn(3z) + 2° - — = 2z1n(3z) + z = z(21n(3z) + 1)
T i

z(2In(3x) + 1)

sin4x

(b)

Quotient rule: v =sindx, v==x

3
3.

dy  4a°cosdx —3z’sindr 4w cosdx — 3sindx

dx 6 4

4x cosdx — 3sindx

x4
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Question 6

Worked Solution

7r
y=e*tanz, v # (2n + 1)5
(a) Show that turning points occur where tanz = —1.
Product rule: v = e%*, v = tanx:
dy 2 2 2 2z 2
= 2e““ tanx + e sec” x = e“*(2tanx + sec” x)
w
Set to zero. Since e?* > 0:
2tanz + sec’x = 0
Use sec?z = 1 + tan? z:
2tanz +1+tan’z =0 = (tanz +1)°>=0 = tanz = —1 O

(b) Find the equation of the tangent at x = 0.
At 2 =0: y=e"tan0 = 0.

dy
dz
Tangent: y = x.

|, =€’(2tan0 +sec’0) =1-(0+1) = 1.

y=x
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Question 7

Worked Solution

(i) (a) Differentiate z2 cos 3z.
2

Product rule: u = z*, v = cos 3z:

d_y = 2z cos 3z — 3x°sin 3z
dx

2x cos 3x — 3x?sin 3z

In(z? + 1)
i)(b) Diff tiate ———.
(i)(b) Differentiate o
2
uotient rule: v =In(z“ + 1), v’ = * v =x2+1, v =2z
Q ! In(z*+1), v’ = 5
x
2224 1) —In(a? +1)-2
dy x2+1(:v +1)—In(z*+1)- $_2x—2xln(av2+1)_2x(1—ln(m2—|—1))

dr (22 +1)2 - (22 +1)2 B (22 4 1)2

2¢(1 —In(a? + 1))
(22 +1)2

(ii) y = V4z + 1, z > —1. Find the equation of the tangent at P (z = 2) in the form
ar +by+c=0.

AtP:y:\/§:3.

dy 1 2
L= 4+1)V24= — .
dx 2( ) Vadxr + 1

2
At x = 2: gradient = 3

2
Tangent: y—3:§(33—2) = 3y—9=2r—4 = 2x—3y+5=0-.

20 —3y+5=0
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Question 8

Worked Solution

Yy = m, x # g Find the equation of the normal at P (z = 2) in the form

ar 4+ by +c = 0.
Write y = 3(5 — 3z)~2. Chain rule:

dy 5 18
22 —3.(=2)(5—-3 (=3 = ———
3 3 : 18
At x =2: (5—6)° = (—1)° = —1, so gradient of tangent = == —18.
coordinate: y = 3 3
1

Gradient of normal = —.
18

1
Normal: y—3:1—8(a;—2) — 8y—-bd=2x—-—2 = x—18y+52=0-.

z— 18y +52 =0
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Question 9

Worked Solution

dy 1
z > 0. Show that T A—\/E and find A.

_z—4
YT ov v
Quotient rule: u =2 —4, v =2+ /z =2+ v =10 = :
2\/x
2 _(z—4) ——
e
do (2 + /)2

Multiply numerator and denominator by 2/x:

_ 2R+ VR)—(@—4)

dy

2V (2 + V)
Numerator: 4/T +2x —z+4 =z +4/r+4=(/x+2)? = (2+7)%
Iy @4V _ 1

dr  2/z(2+x)2 2/
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Question 10

Worked Solution

_ VB T T
=eV?sindr, —— <z < -
g 3~ 3
(a) Find the z-coordinate of the turning point P for x > 0, as a multiple of 7.

Product rule: u = e‘/gx, v = sin 3z:

d
d_y = V3 eV sin 3z + 3¢V cos 3z = e‘/gm(\/g sin 3z + 3 cos 3x)
i

Set to zero (since €¥3* > 0):

\/§Sin3l’—|—3COS3$ =0 = tan3dx = _\/§

_27‘(’

9
(b) Find the equation of the normal to C' at = 0.
Atz =0: y=¢€"sin0 = 0.

d
Y —e0(+/3-043-1)=3.

X

dx
1
Gradient of normal = —
N | 1
ormal: y = ——z.
v= 3
1
= ——x
y=73

End of Worked Solutions

10



