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Differential Equations (Sheet 2) Mark Scheme
QL
g‘;:;t;:: Scheme Marks
2 2 A B
- = = + 50 2=A4A2+¥)+B(2—3) M1
@147 T e T e-n e
Let y=—2, 2=B(4) = B=1. Lety=2 2=4(4) = 4=1 M1
- 1 1
EiIVINg = =+
@-» @+ v esa
2 1
——dy = dx
5) I4—}-“ Y Icotx Bl
3 b
I =+ ——dy = |tanx dx
2-»  @2+»)
o —3In(2—y) + $In(2+ ) = In(secx) +(c) BIMI Al ft
y=0x=% = —%1n2+§].112=]n|:fr.;-i—|)+c M1
{0=1112+c? = c?=—]112}
—1In(2-y) + 1In(2+ ) = In(secx) — In2
1, (243) (secx |
—Iln — | =In
2 |._2—_u,-' |, 2 | Ml
]n.'/2+} _ zln,'/secx]
L2-y Lz
In| =2 J’] In| X M1
e~V
2+y sec’ x
2—y 4
7 8+4y
Hence., 2, 2T
ence, sec”Xx 7=y Al (8)
(11 marks)
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Q2.
Question Scheme Marks AOs
(a) dH Hcos0.25¢ 1 cos0.25¢
Fra 0 ZbJ‘EdH = .“—4{' dr M1 3la
1 | M1 11b
InH=—sm025(+c)
10 Al 1.1b
Substitutes 1 =0, H =5=c=In(5) dmil 34
111:i'|=%ainu_25r:»H=:’~.e“-1=ﬁ‘?'-35f * Al* 21
(5)
(b) Max height = 561 =553m (Condone lack of units) Bl 34
(1)
© Sets 0251 = - M1 31b
314 Al 1.1b
(2)
(8 marks)
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Qs.
%z:::: Scheme Marks
Q:/Z(IZO—@). & < 100
dr
@) 140 = |adr or | ————do=|a B1
120-6 A(120-8)
. 1 ) M1 Al
= 20 — = i 20 - - . ’
In(120-6).=Ar+¢ or /:ln(l_o f).=t+c See notes M1 Al
{t=0,0=20=}-In(120-20) = A(0) + ¢ See notes | M1
c=~-In100 = ~In(120~-8) = ir - In100
then either... or...
—At =In(120-6)-In100 At =In100—-1n(120 - 8)
Fuvem %
i =mf 129 it =i 1%
. 100 ) \120-6
- _120-86 N 100
e~ = o0 120—8 dddM1
= (120- 6 )e™ =100
100e™ =120-6 s
leading to & =120 -100e™"
(8]
(b) {Ai=001,6=100=} 100=120-100e™" M1
| 2 - \ 2
= 1006 =120 —100 = —0.01f = In 120 - 100 ) Uses correct order ofoperanon-seli
. 100 / | moving from 100 =120 - 100e~*%"
120 — \ togiver=.. and r = Aln B,
s 1 lnt 120 1001 gt dM1
-0.01 100 where B >0
-[r = -1— ln" l 1: 1001115]-
|~ -0.01 \5) |
t =160.94379. = 161 (s) (nearest second) awrt 161 | A1
(3]
11
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Q4.

Question : e
Number Scheme Marks
. dIr - dr - . .
(a) : =1600— i“-fﬂ_ or 3 =1600- sw'r; ) Either of these statements | M1
dt d:
(7 =4000n =) 3 _ 4000 I 000 or Z_ 1 |1
dh dh dir 4000
de dIf dr &
Fither 31 _ 1600—cyfli _ 1600 eyl Y
dt 4000 4000 4000 i
Convincing proof of — | Al AG
o dh _1600—kyh _ 1600 ki 04—k
di 4000 4000 4000
(3]
(b) When h =25 water leaks onf such that dl =400
dt
400 =+t = 400 = c+f25 = 400 = c(5)=c=80
. c 80 . . !
From above, F=——=——=002 as required Proofthat k=002 | Bl AG
4000 4000
(1]
Aliter
(b) 400 = 4000k it
Way 2
= 400 = 4000k +f25
Using 400, 4000 and /i =25
= 400 =#(20000) = k =5 = 0.02 or -\.If:= 5. Proofthat k=002 | Bl AG
1]
Separates the variables with
(c) E =04- q"; — [L = rdr ’[L and [sf* on either side | M1 ce
- d Jod—kdn 1 04—kfn 1 )
with integral signs not necessary.
L oo 1 =002
. fime required = I di
o 04-0024h =002
100 20
time required = I - dh Correct proof | Al AG
B o 20-+h P
(2]
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Question _

Number Scheme Martks
a 100 S'D i ] ] ] .

id) | dh  with substitution #=(20-x)
’ o 20-Jn

di dh dh
— =220-x)-1) or —=-=-220-x Correct — | B1 aef
= XD or —==2(20-) -

h=(20-x) = Jh =20-x = x=20—-+/h

20-x
j 50 50 :/.I — dx or
——=dh = j—.—E(EO—r} d o M1
EG—JH x _“"‘-I 20—x &
20-(20—x)
where 4 15 a constant

x—2
=100J"': i

X

f TR
=IODI; l—‘—ﬂ;d:c
1 _'c i
Toxzflnx o f=
—~100(x—201nx) (+c) taxfinx; a.p=0 | Ml
100x—-2000Inx | Al
change limits: when =0 then x =20
and when ;=100 then x =10

i S50 . - 10

1h = [100x—20001x]"

.IJ 20—fh ‘ : 7
100 :D . ; : _ .—1$I:l
or Jj EO:JEEL'_-‘ - [10&@-:::—,,*”:—’*mﬂmpﬁ—ﬁ;:g

Correct use of limits, ie. putting
them in the correct way round
Either x=10 and x=20

— 7 1 _2 2 ) /
— (1000-20001n10)—(2000—20001n20) 100 and Ao | ddMI

= 20001020 - 20001010 —1000 Combining logs to give. ..
2000In2 -1000
— 20001n2-1000 or —2000In(%)-1000 | A1 2€f
[6]
(&) Time required = 20001n2 1000 = 3862043611 sec
= 386 seconds (nearest second)
= § munutes and 26 seconds {nearest second) 6 minutes. 26 seconds | B1
(1]
13 marks
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Q5.
Question Scheme Marks AOs
(@) ¥ _0.48-0.1h Bl | 3.1b
dr
dr dhn 1
V=24hIh=—=24 or —=— B1 3.1b
T an v n
dn _dV_dh _ 048 —0.1n
dr  dr dv 24
ore.g. M1 21
a7 _dVdh _ o 48_01n=249%
dr dh dr dr
1200?=24—5h* Al* 1.1b
t
&)
(b) dh 1200
1200—=24-5h= ——dh=| dr
dt 24-5h
= eg. aln(24-5h)=1(+c) oe
M1 3.1a
or
# p.
IJOOC—m =24—-5h= & = Ll
dr dr  24-5h
= eg. 1(+c)=aln(24-5h) oe
t=-2401n(24-5h)(+c) oe Al 1.1b
t=0,h=2=0=-240In(24-10)+c=c=...(240In14) Ml 34
t=240In(14)-2401n(24-5h) Al 1.1b
t=2401n LTS S S &
24-5h 240  24-5h 24-5h daMi1 | 21
= 14e™® =24-5Sh=h=..
L 2 —i
h=48-28¢ Foeeg hz?'ﬂ'—%e Al 33
(6)
(c) Examples:
o Ast—oe ™ 50
7
e Whenh >438, df <0
dt
e Flowin=flowoutatmax hs00.17=48 2 1=48
i M1l | 3.1b
o Ase >0, h<438
av dh 1
® h=5= =02 0R ==
’ dr dt 1200
¢ gk =0=>h=438
dr
* h=5=48-28e® =5=e ¥ <0
e The limit for & (according to the model) 1s 4.8m and the tank
1s 5m high so the tank will never become full Al .
’ 344
e Ifh =5 the tank would be emptying so can never be full
e The equation can’t be solved when 7 =5
()
(12 marks)
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Q6.
Question
Number Scheme Marks
(a) o 0.487—0.67h - M1 A1
dr
{4 dh
/ =Onxh = —=97— Bl
dr dr
9,7(—111 =0.487-0.6xh L M1
C
: ~dh ‘
Leadingto 7 .‘I =4-5h * cso | Al (5)
75 ; :
(b) j —dh = |ldt separating variables - M1
4-5h . :
~15In(4-5h)=1 (+C) L| M1 Al
—15In(4-5h)=r+C
When r=0, h=0.2
-15In3=C ~ M1

t=15ln3-15In(4-5h)
When h=0.5

. 2
r=151n3~1.‘lnl5=15h1=1‘—<l=15h13 awrt 10.4 4 M1 A1

Alternative for last 3 marks

rzf—lﬁln(-l—.‘h')]zi
=-15In1.5+15In3 M1 M1
=15In| — l= 15In2 awrt 104 | Al (6)
\1.5)
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Q7.

Question
Number Scheme Marks
@) E=,f~:F‘ and (=0, FP=F (1)
at
Separates the variables
" R p drF ,
% _ |kd£ with j? and J‘.v(dron M1
- " either side with integral
signs not necessary.
Must see InP and ki ;
NP = kt;(+c) Correct equation | A
with/without + c.
When t=0, P=F, = InF,=c Use of boundary condition
p o . (1) to attempt to find the | M1
lor P =Ae” = KR =A) constant of integration.
INP =kt +InP, = ™ =" " _ " "
Hence, P =F,e" P=Fe" | A1
[4]
() P-2P, & k=25 = 2P =PB,e Substitutes P = 2F, into an M1
- expression involving P
e*¥ =2 = Ine** =In2 or 2.5¢=In2 Eliminates F, and takes |
Lore® =2 = Ine" =In2 or kt=In2 In of both sides |
= [= :15 N2 =0.277258872... days
t=0277258872. . = 24 = 60 = 399.252776... minutes
awrt t =393 or
t=399min or t=6hr 39mins (to nearest minute) i
bkl kil ! 6 hr 39 mins | *
[3]
P = P, e" written down without the first M1 mark given scores all four marks in part (a).
(c) % - APcosit and =0, P=PF, (1)
Separates the variables
with ‘% and
(dFP i, . . v )
|5 = Jacosarat J cos itdt on eitner sige | M’
with integral signs not
necessary.
Must see InP and sin At ;
INF =sinit;(+c) Correct equation | A1
with/without + c.
When t=0, F=F, = InR,=c Use of boundary condition
i snit . (1) to attempt to find the | M1
(or P=Ae = R=A) constant of integration.
INP =sinit+InP, = ™ =g™¥ M _ oo N7
Hence, P = F:Jeﬁl'lf'..' (=3 F‘G gsinit Al
[4]
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(d) P=2R & i=25 = 2R =F3-JE'S":E"

@S2t _ 5 — gin2 5t =In? Eliminates £, and makes

at i sinAt or sin2.5tthe | M1
.or.. et =2 = sinidt=In2 subject by taking In’s
t= 2—‘55ir1'1 (In2) Then rearranges
E— to make t the subject.

(must use sin™)

dmM1

t =0.306338477 ...
£ =0.30633B477... = 24 = 60 = 441 1274082... minutes

awrt t =441 or

7 hr 21 mins | A

t=441min or =7 hr 21 mins (to nearest minute)

3]

14 marks

P =p e written down without the first M1 mark given scores all four marks in part (c).
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363
BE

Q8.
(\).uestml.x Scheme Marks
Number
% = k(M -x), where M 1s a constant
(a) dx ' :
5 5 the rate of increase of the mass of waste products. Any one correct explanation. | Bl
M 1s the total mass of unburned fuel and waste fuel Both explanations are cormrect. | Bl
(or the imtial mass of unburmed fuel)
(2]
b 1 de=|kar or 1 &=|a B1
(®) M-x kKM-x)
~-ln(M -x) =kt {+c} or —%ln(}\! -x) =t {+c} See notes | M1 Al
{I:O\x:O :»} —In(M -0) =k(0)+¢ See notes | M1
c=—-lnM=>-nh(M~-x)=k-InM
then either... or...
-kt =ln(M-x)-InM ki =InM-In(M - x)
| 4 | ! ‘
—kt:ln:M X h:lnl 1
\ M M -x)
. M =X & M
& = o Fr ddM1
M-x)e* =M
Me™® =M —x ( _ , 2
M-x=Me Al* cso
leadingto x=M -Me™ or x=M(1-e") oe
_ , (6]
(c) -{.\':%M.I:ln-t :}- %‘l1=.1!(l-e"=‘) M1
Slogme™ o o™ ol o pina=-m2
1
Sok=— Al
2
[ “ms
x=M|l-e? dM1
\ )
2 7
x=—M x=—M | Al cso
3 3
[4]
12
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Qo.
3::;3; " Scheme Marks
N kr =1)(5000 - N
d'—:( X ’\ t>0, 0<N <5000
dr t
1 kt -1 ' f. 1)
(a) ———dV = ( ) dar --Ior = lk -— ldll See notes | Bl
5000~ N t | £
~In(5000 - N) =kt - Inr; +¢ See notes | M1 Al; Al
then eg either... or... or...
~kt+¢c=In(5000-N)=Inr | t+¢c =Int-In(5000 - N) | (5000 = N) = —it + Inr +¢
5000 - N | r \ b ¥
—kt+¢c =ln| ——— kf-#-(:[n'— 5 —N= ke +lar +¢
“ ‘ | 5000— N ] 000~ N=e
5000 - N Bac ! -kt +
. o - 5 _ 4 - C
- e — 5000 — N 5000- N =te
leadmgto N =5000 — Are™ with no incorrect working/statements. See notes Al ¥ cso
(5]
-k
® {fr=1,N=1200=} 1200 =5000 - Ae At least one correct statement writen |
{t=2,N=1800=>} 1800 = 5000 - P | ead down using the boundary conditions
So Ae™* = 3800
and 24e™* =3200 or Ae™ =1600
et 3800 2 3200 An attempt to eliminate .4
Eg — = or ——= P - Tk M1
2e-* 7 3200 e 3800 y producing an equation in only
32
So l‘e’P = ?%ixj or 2e7 = -,.??
2 3200 3800
l At least one of 4 =9025cao
k= ] k= ]
h] 2700 or eyt leg ln‘ or k= ln] 1600 i or exact equivalent A
1. o l Both 4 =9025 cao
{4=3 ") = 3800 — - A =9025
| 900(s) 800[ 8 I = | =y or k= ln‘ 100 or exact equivalent -
[4]
Alternative Method for the M1 mark in (b)
ok 3800
A
3800\’ An attempt to elinunate &
— .
'Al ] =200 by producing an equation in only 4 AMa
| 3]
(c) 11t=35, N=5000-9025(5)e J
N = 4402.828401 .. = 4400 (fish) (nearest 100) anything that rounds to 4400 | Bl
(1]
10
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Q10.

Part | Working or answer an examiner might | Mark | Notes
expect to see
(a) dh=-204—u)du Bl This mark 1s given for finding an
expression for dh
" dh C_ 24—
J d"", - = J 2(4 ?‘1) . M1 This mark 1s grven for substituting
4=Nh 4-Vh 1 =4 —vh into the integral
= J —§ +2du M1 This mark 1s given for a method to find a
u simplified version of the integral
Llhut+tlutc M1 This mark 1s given for integrating with
_ L . respect to # to produce an expression in
= 8ln(@E-Vi)+2(d -\ +c terms of A
Al This mark 1s given for a correct
expression for the integral
=—8In{4- “«'-.31) —Wh+k Al This mark 1s given for a full proof to
arrive at the answer as shown
(appreciating that t=¢ + 8)
(®) ? =0 = 4-Yh=0 M1 This mark 1s given for a setting ﬁ =0
O0=h=16 Al This mark 1s given for deducing the range
of the heights of the trees for this model
(c) dn _ *F(4 —a/ i) dh B Bl This mark is given for separating the
- T = o variables
dt 20 (4—h) 20
T M1 | This mark is given for a method to
“Sln(d-Np) -2tk = s integrate both sides of the equation
Al This mark 1s given for integrating both
sides of the equation correctly
Whent=0and h=18In3-2+k=0 M1 | This mark 1s given for substituting values
F=2+81n3 of t=0and &z =1 to find a value for &
When h=12, M1 This mark 1s given for a method to find a
_ _ 113 value for ¢ by substituting & = 12 into the
—Sln(4—“d12)—.2“d12—2+8]1_13=IF}—{ equation
f25=72212705 = r=1%2212795 M1 | This mark is given for simplifiring to find
an expression for ¢
t=7T5.2 years Al This mark 1s given for correctly finding

the time the tree would take to reach a
height of 12 metres

(Total 15 marks)
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