ALevelMathsRevision.com
Areas Involving Two Curves (Sheet 1) — Worked Solutions

Question 1 (OCR 4722, Jan 2010, Q5)

Worked Solution

9
The curves y = 2° + 1 and y = 11 — — intersect at (1,2) and (3, 10).
x

The shaded area is:

/13 K“ - %) — (¢ + 1)] de = /13 (10 — 9272 — 2?) dx

Integrating term by term:

373
- lle +orl— x—}

Atz=3:30+3-9=24
1 56

1
At _11 ___1 =

Wait — let us recheck. The upper curve at any point between = 1 and z = 3: at
r=21y =11-9/4=875and y, = 5,50 y = 11 — 9272 is on top.

56 72—56 16
Area =24 — = = ==
rea 3 3 3

Alternatively, using the OR method from the mark scheme:

2 7° 1 32 1
[11z + 9x_1}i— [3 I :L‘:| =[(83+3)—(114+9)]— [(9 +3) — <§ + 1)} = 16—3-—
1
Let us compute directly:
s 3
/1 (10 = 9272 — #°) dz = [10z 4 9z~ — 32°]]
Atz =3:30+3-9=24 Atz =1:10+9—- ;=% —1=23¢
56  72-—-56 16
Area =24 — — = = —
rea 3 3 3
Hmm, the mark scheme gives 5%. Let us recalculate: 24 — % = % — % — 13—6 — 5%. v

16
Exact area = El =5

Wl
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Question 2 (OCR 4722, Jan 2012, Q7)

Worked Solution

Part (a): Find /(m2 +4)(z — 6) dx

Expand: (22 +4)(z — 6) = 2 — 62% + 4 — 24.
Integrating:

4
/(x3—6:v2+4:v—24)dz:%—2x3+2$2—24x+c

5(74

Z—2x3+2x2—24x—|—c

8
Part (b): Find the shaded area enclosed by y = 62%/2, y = — — 2, and the
z

r-axis
8

The two curves intersect at (1,6) (given). The curve y = — — 2 meets the z-axis
x

8
when — =2 = 2> = 4 = r = 2 (using positive value). The curve y = 62%/2

x
through the origin.

passes

The shaded region has two parts:
e From z =0 to = 1: area under y = 6%/

8
e From z =1 to x = 2: area under y = — — 2.
x

Left part (0 to 1):

1 1 1
/ 632 dp — | o2 _ [1252| _ 12
0 52 |, 15" |, 5

Right part (1 to 2):
/2 (%-2) i — [ — T = (A=A (8= B () =2

12 12 10 22
otal area 5 + 5 + 5 5

Total shaded area = %
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Question 3 (OCR 4723, Jun 2017, Q5)

Worked Solution

The curve is y = v/4x — 3. The point P(7,5) lies on the curve. Find the exact shaded
area bounded by the curve, the normal at P, and the z-axis.

Step 1: Find the gradient of the normal at P
Differentiate: y = (4o — 3)'/2, so

d 1
% = S(r—3) x4 =204 =37V
dy 1 1 2
= (: — = — - /2 =] —_ = —
Atz =T 2% =228 - 3) 2xE=¢.

Gradient of normal = ——.

2
Step 2: Find where the normal meets the r-axis

Equation of normal through P(7,5):

5 5 35 5 45
y—5——§($—7) — y——§$+?+5——§x+7
45
Setting y = 0: g$:?:>x:9.

So the normal meets the z-axis at (9,0).

Step 3: Find the area under the curve from z =< toz =7

3
4
(The curve meets the z-axis when 42 =3 =0=z = 3.)

[ g = [G=3] ;4 _ [l apPy ;4

/4 43
253/2 125 03/2
125

Area under curve = —.

6
Step 4: Area of triangle formed by the normal

The triangle has base from = = 7 to x = 9 along the z-axis (base = 2) and height = 5
(the y-value at P):

1
Triangle area = 3 X2x5=5H

Step 5: Shaded area

125 125 30 155
haded = b T
Shaded area 5 +5 5 + 5 5
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1
Exact shaded area = ?
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Question 4 (OCR 4722, Jun 2017, Q6)

Worked Solution

8
The curves y = 11 — x — 22% and y = — intersect at (1,8) and (2, 1).
T

2
Shaded area = / [(11 -z — 2% — ﬁ] dx
1

x3

Integrate each term:

2 23
/(11—&6—2%2)d%=11ac—w——i
2 3
2
/8m_3dac:8x = —4x7?
—2
So: ) ) ) ) . ,
T 2 T 2x
A = |1lz — — — = — (—4z72 = |11z — — — = 4+ 4272
rea{w2 3($)L{x2 3—1—:1:1
16 16 63—16 47
AMr=2:22—-2— —+1=21—- — = -
v 5 " 3 3 3

Wait — 4272 at © = 2 is 4/4 = 1. Let me recompute:

Atz=211(2) - 4201490 9 184719 16_6-16_4

Hmm, mark scheme separates the integrals. Let us follow the mark scheme method:

2
/1 (11 —z — 22°) dz = [11z — 12” — 2x3]2

)] = (222 %) - (-4 -3)

2
3 2 3

:(20_1?6)_(66—63—4):60—16_@:g_@:w:§

3 6 3 6 6 6

/12 8 3 dx = 4277} = (~1) — (—4) = 3

29 29-18 11
A :——3: =
rea 6 6

Exact shaded area = %

(@
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Question 5 (OCR 4723, Jun 2016, Q5)

Worked Solution

Curves: y = €2® and y = 8¢~*. The shaded region is bounded by the two curves and
the y-axis.

Part (i): Show the curves intersect where = = In2
Set €%* = 8e

e " =8 = =8 = 3r=In8=3In2 = z=1In2

r=1In2 (shown)

Part (ii): Find the area of the shaded region
For 0 <x <In2: at z =0, y =1 (lower) and y = 8 (upper), so y = 8¢~* is on top.

In2

In2
1
Area = / (86_”” — 6296) dr = {—86_9‘" — —623”}
0 2 0

Atz =1In2: —86_ln2—%621“2:—8-1—1-4:—4—2:—6
Atz =0: —8—%

1 1 1 5
A — — - — — e —:2 —_ = —
rea = (—0) ( 8 2) 6+8+ =

Shaded area = g
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Question 6 (OCR 4723, Jun 2005, Q8)

Worked Solution

Curves: y = ¢*/® and y = +/3x + 8. They meet at point P in the region = > 0.
Part (i): Show that the z-coordinate of P lies between 5.2 and 5.3
At the intersection, e*/® = (3z + 8)'/3. Define f(z) = ¢*/® — (3x + 8)'/53.

Atz =5.2: ¢ ~ 2829, (15.6+8)"/3 = 23.6'/% ~ 2.868. So f(5.2) ~ 2.829 —2.868 =
—0.039 < 0.

At = 5.3: €9 ~ 2,887, (15.9+8)/3 = 23.91/3 ~ 2.882. So f(5.3) ~ 2.887 — 2.882 =
0.005 > 0.

Since f is continuous and changes sign in [5.2,5.3], there is a root in this interval.
(shown)

Part (ii): Show the z-coordinate satisfies = = 2 In(3z + 8)

At the intersection: e*/® = (3z + 8)'/3.

1 )
Taking the natural log: % =3 In(3z+8) = z= 3 In(3z +8). (shown)
Part (iii): Use the iterative formula to find x to 2 d.p.

5
The iterative formula is z,,; = 3 In(3z, + 8).

Starting from xg = 5.2:

&

n(3(5.2) + 8) = 31n(23.6) ~ 2(3.1612) ~ 5.2687

( =3

(3(5.2687) + 8) ~ 2 n(23.806) ~ 5.2832
(23.850) = 5.2863

n(23.859) ~ 5.2869

2870

8
I
|

n

&
N

I
r—tb—lr—-r—t

Q

8
w
Ol wlot wlut wlut wlot

Ty

The sequence converges to x =~ 5.29 (to 2 d.p.).

z-coordinate of P ~ 5.29 ]

Part (iv): Approximate area of region R
Region R is bounded by the two curves and the y-axis, from z = 0 to z ~ 5.29.

In this region, y = (3x 4 8)'/3 is above y = €*/° (as f(5.2) < 0 shows).

5.29
Area = / [(3z +8)"/ — /] da
0

Integrate (3z + 8)/3: Let u = 3z + 8, du = 3 du:

1 (Bz+8)* (3z+8)¥3
1/3 = — - =
/(33: +8)/dx 3 g A
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Integrate e*/°: /e“/5d:1; = 5¢%/°,

5.29
— Bet/5
0

Atz = 5.29: (3(5.29)+8)1/2 ~ 23.87'/3 ~ 2.877, s0 (23.87)%/3 ~ 23.87 x 2.877 ~ 68.67;
8867 ~ 17.17. Also 5e>%/® ~ 5¢10%8 ~ 5(2.880) ~ 14.40.

Atz=0:88_5-_16_5_4_5—_1.

(3z +8)*/3

A =
rea 1

Area ~ (17.17 — 14.40) — (—1) = 2.77+ 1 = 3.77

Approximate area of region R ~ 3.8 (2 s.f.)

End of Worked Solutions




