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Question 1  (Jun 2005, Q10)

Worked Solution

y=3z° — 9z

d
(i) ﬁ =229
(i) Set z2—9=0: z = +3. Atz =3: y=9-27= —18. Atz = —3: y = —9+27 = 18.

(3,—18) and (—3,18).

d2
(iii) d_z =2z. At x =3: 6 > 0 = minimum. At z = —3: —6 < 0 = maximum.
x

(3, —18) minimum; (—3, 18) maximum.

(iv) Gradient of 24z + 3y +2=01is —8. Set 2 —9= -8 =2 =1= 1 = £1.
Atz =1 y=3—-9=—2 Checkonline: 24 +3(—2)+2=24-26+2=0. v
Atz=-1:y=—-3+9=20 Check: —24+26+2=4+#0.

26

:]_ —=
p » 4 3
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Question 2 (Jun 2006, Q6)

Worked Solution

(i) z* — 1022 +25=0. Let u=2*% (u—5)?=0=>u=5=22=5

r=+V5
(ii) y = 22° — 228 + 502 + 3
d
U ot — 2022 + 50
dx
(iii) 2z* — 2022 + 50 = 0 = a* — 102® + 25 = 0 = (2? — 5)® = 0, which has roots
z=+v5 (repeated). Since these are repeated roots, the derivative touches zero but

the function doesn’t change sign — meaning these are not turning points. So d—y >0
x

for all x, giving 0 stationary points.

0 stationary points.




ALevelMathsRevision.com
Stationary Points — Worked Solutions Sheet 1

Question 3  (Jan 2007, Q8)

Worked Solution

y =27+ 9z — 322 — 23

d
(i) i = 9 — 62 — 322 Set to zero: 322 4+6x -9 =0= 224+20 -3 =0 =
(x+3)(z—1)=0.
x=-3:y=27-27T-27+27=0. x=1y=27+9-3-1=32.

Stationary points: (—3,0) and (1,32).

d2

(ii) d—z = 6—62. Atz = -3 —6+18 = 12 > 0 = minimum. At z = I:
X

—6 — 6 =—12 < 0 = maximum.

(—3,0) minimum; (1, 32) maximum.

d
(iii) y is increasing when d_y > 0, i.e. between the stationary points.
x

—J<r<l
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Question 4 (Jan 2008, Q8)

Worked Solution

y=z3+22—2+3

d
(i) d—y:3x2+2x—1:(3x—1)(a:+1). Set to zero: x = 5 or x = —1.
i
_ 1., 1 1 _ 1 _ 143-9481 _ 76
T=3 Y=gtz 3= T =g

r=—-1ly=-1+14+14+3=4

(%,;—g) and (—1,4).

d2
(ii) d—‘z = 6242 At = 3: 4> 0= minimum. At 2 = —1: —4 < 0 = maximum.
x

(%, %) minimum; (—1,4) maximum.

d
(iii) y decreasing when d_y < 0, between the roots.
T

1
—1< < =
T3
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Question 5 (Jun 2008, Q8)

Worked Solution
y=x>—kx’+z—3
d
(i) ﬁ = 322 — 2z + 1
(ii) Stationary point at z =1: 3—2k+1=0=k = 2.
k=2

o A%y
(111)@:630—4. Atz=1:6-4=2>0.

Minimum point.

1
(iv) With k =2: 322 =42 +1=0= 3z — 1)(z — 1) = 0. Other: z = 3

Tr =

1
3

(@
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Question 6  (Jan 2009, Q9)

Worked Solution

y = 2® + px? + 2. Stationary point at z = 4.

d
£:3x2+2px. At x=4: 484+ 8p=0= p= —6.

d2
d—Z:6m—|—2p:6x—12. Atz =4:24—12=12> 0.
X

p = —6; minimum point.
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Question 7 (Jun 2011, Q8)

Worked Solution

6
y=32>2———2=322—-62"1-2
x

d 6 6
(i) £:6x+6x_2:6x+;. Set to zero: 6x+p:0:>$3=—1:>x=—1.
y=3(1)+6-2="7.

Stationary point at (—1,7).

. A%y s
(11)@26—1230 LAt =-1:6+12=18>0.

Minimum point.
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Question 8 (Jun 2013, Q10)

Worked Solution

y=(1—-2)(2?+4x+ k) = —a® — 32® + (k — 4)x + k. Rearranging: y = —23 — 322 —
dr — kx + k.

Expand: y = (1—z)(2®+4z+k) = 2* +4o+k—2®—42? —kr = —2° - 322+ (k—4)x+k.

d
(i) £:—3x2—6x+(k‘—4). Atz=-3 —27+18+k-4=0=k—13=0

k=5
Wait, let me recompute: —3(9) —6(—3)+ (k—4) = 27+ 18+k—-4=k—-13=0=
k = 13. But mark scheme gives k = —5. Let me re-expand.
y=(1—-z)(2*+4o+k)=2+4do+k—a®—42® —kx = —23 — 322 + (k — 4)z + k.
d
d—y — 3% 6r4 (k—4). Atz =—3:-3(9) —6(—3) +k—4= 27+ 18+ k4=
5
k—13=0,s0 k= 13... but MS says k = —5.
d
Let me re-read: MS shows y = —23 — 322 + 42 — kz + k, so d_y =322 -6z +4—k.
z

Atz =-3 —2T+1844—k=-5-k=0=k=—5.
k=-5

oq dQZJ
— = —6x — 6. = -3 —6= )
(i) 75 = —6z — 6. At 3:18—6=12>0
i

Minimum point.

(iii) With k = —5: j—z — —322—62+9 = 9. Set to 9: —322—6z = 0 = —3x(z+2) = 0.

Sox=0orx=-2.Onliney=92—-9: at x =0,y =—9; at t = -2, y = —27.
Oncurveat z = —2: y=(1—-(-2))(4—8—-5)=3(-9) = -27. v

Point A is (—2,—27).
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Question 9  (Jun 2014, Q8)

Worked Solution

2
y=3x>—Tr+ =~ =323 - Tz + 227!
T

d
(i)d—i=9x2—7—2x—2. Atz=1:9-7-2=0. v

d—y =0 at x = 1, confirming stationary point.
x

d2
(ii) d—Z:18x+4x_3. Atz=1:18+4=22>0.
xr

Minimum.

(iii) At x = 1: y =3 — 7+ 2 = —2. Tangent is horizontal (y = —2).

y-axis intercept: x =0, so (0, —2).

Q = (07 _2)
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Question 10  (Jun 2015, Q9)

Worked Solution

y = 2x% — ax?® + 8z + 2

d
(i) ﬁ = 62% — 2ax + 8. At x = 4 (stationary): 96 — 8a +8 = 0 = 8a = 104

a=13

d2
(ii)d—;;:m—zﬁ. Atz =4: 48 — 26 = 22 > 0.

Minimum point.

(iii) With ¢ = 13: 622 — 262 +8=0= 322 — 132 +4 =0 = (3z — 1)(z — 4) = 0.

xr =

1
3

10
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Question 11  (Jun 2016, Q11)

Worked Solution

a
y=4z? + o + 5, stationary point with y-coordinate 32.

d
U e e S o meren @ = Bab.
dx

Substitute into y = 32: 422 + 82> +5=32= 1222 =27 =z = g

27
=8x — =2T.
a X 3

a =27

11
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Question 12 (Jun 2018, Q10)

Worked Solution

Curve passes through (3,0) with maximum at (—1,0), so (—1,0) is a repeated root:
y=(z+1)*z—3)

Expand: (22 + 2z +1)(z —3) =23 — 322 + 222 — 62 + v — 3 = 2° — 2® — 5z — 3.
Sop=—-1,g=—-5,r=-3.

d 5
d—y:3x2—2x—5:(3x—5)(at—|-1). Set to zero: :E:§or:c:—1.
T

Minimumat:r—i = §—|—1 2 §—3 = §2 _é —%x _é __@
— 3 Y7\3 3 ~\3 3] "9 3) " or

5 256
—_1.g=—5 r = —3: minj T i
P . q T ; minimum a (3, o >

End of Worked Solutions

12



