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Question 1 (Jun 2005, Q10)

Worked Solution

y = 1
3
x3 − 9x

(i)
dy

dx
= x2 − 9

(ii) Set x2−9 = 0: x = ±3. At x = 3: y = 9−27 = −18. At x = −3: y = −9+27 = 18.

(3,−18) and (−3, 18).

(iii)
d2y

dx2
= 2x. At x = 3: 6 > 0 ⇒ minimum. At x = −3: −6 < 0 ⇒ maximum.

(3,−18) minimum; (−3, 18) maximum.

(iv) Gradient of 24x+ 3y + 2 = 0 is −8. Set x2 − 9 = −8 ⇒ x2 = 1 ⇒ x = ±1.

At x = 1: y = 1
3
− 9 = −26

3
. Check on line: 24 + 3(−26

3
) + 2 = 24− 26 + 2 = 0. ✓

At x = −1: y = −1
3
+ 9 = 26

3
. Check: −24 + 26 + 2 = 4 ̸= 0.

p = 1, q = −26

3
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Question 2 (Jun 2006, Q6)

Worked Solution

(i) x4 − 10x2 + 25 = 0. Let u = x2: (u− 5)2 = 0 ⇒ u = 5 ⇒ x2 = 5

x = ±
√
5

(ii) y = 2
5
x5 − 20

3
x3 + 50x+ 3

dy

dx
= 2x4 − 20x2 + 50

(iii) 2x4 − 20x2 + 50 = 0 ⇒ x4 − 10x2 + 25 = 0 ⇒ (x2 − 5)2 = 0, which has roots
x = ±

√
5 (repeated). Since these are repeated roots, the derivative touches zero but

the function doesn’t change sign — meaning these are not turning points. So
dy

dx
> 0

for all x, giving 0 stationary points.

0 stationary points.
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Question 3 (Jan 2007, Q8)

Worked Solution

y = 27 + 9x− 3x2 − x3

(i)
dy

dx
= 9 − 6x − 3x2. Set to zero: 3x2 + 6x − 9 = 0 ⇒ x2 + 2x − 3 = 0 ⇒

(x+ 3)(x− 1) = 0.

x = −3: y = 27− 27− 27 + 27 = 0. x = 1: y = 27 + 9− 3− 1 = 32.

Stationary points: (−3, 0) and (1, 32).

(ii)
d2y

dx2
= −6 − 6x. At x = −3: −6 + 18 = 12 > 0 ⇒ minimum. At x = 1:

−6− 6 = −12 < 0 ⇒ maximum.

(−3, 0) minimum; (1, 32) maximum.

(iii) y is increasing when
dy

dx
> 0, i.e. between the stationary points.

−3 < x < 1
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Question 4 (Jan 2008, Q8)

Worked Solution

y = x3 + x2 − x+ 3

(i)
dy

dx
= 3x2 + 2x− 1 = (3x− 1)(x+ 1). Set to zero: x = 1

3
or x = −1.

x = 1
3
: y = 1

27
+ 1

9
− 1

3
+ 3 = 1+3−9+81

27
= 76

27
.

x = −1: y = −1 + 1 + 1 + 3 = 4.(
1
3
, 76
27

)
and (−1, 4).

(ii)
d2y

dx2
= 6x+ 2. At x = 1

3
: 4 > 0 ⇒ minimum. At x = −1: −4 < 0 ⇒ maximum.(

1
3
, 76
27

)
minimum; (−1, 4) maximum.

(iii) y decreasing when
dy

dx
< 0, between the roots.

−1 < x <
1

3
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Question 5 (Jun 2008, Q8)

Worked Solution

y = x3 − kx2 + x− 3

(i)
dy

dx
= 3x2 − 2kx+ 1

(ii) Stationary point at x = 1: 3− 2k + 1 = 0 ⇒ k = 2.

k = 2

(iii)
d2y

dx2
= 6x− 4. At x = 1: 6− 4 = 2 > 0.

Minimum point.

(iv) With k = 2: 3x2 − 4x+ 1 = 0 ⇒ (3x− 1)(x− 1) = 0. Other: x =
1

3
.

x =
1

3

5



ALevelMathsRevision.com

Stationary Points — Worked Solutions Sheet 1

Question 6 (Jan 2009, Q9)

Worked Solution

y = x3 + px2 + 2. Stationary point at x = 4.

dy

dx
= 3x2 + 2px. At x = 4: 48 + 8p = 0 ⇒ p = −6.

d2y

dx2
= 6x+ 2p = 6x− 12. At x = 4: 24− 12 = 12 > 0.

p = −6; minimum point.
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Question 7 (Jun 2011, Q8)

Worked Solution

y = 3x2 − 6

x
− 2 = 3x2 − 6x−1 − 2

(i)
dy

dx
= 6x+ 6x−2 = 6x+

6

x2
. Set to zero: 6x+

6

x2
= 0 ⇒ x3 = −1 ⇒ x = −1.

y = 3(1) + 6− 2 = 7.

Stationary point at (−1, 7).

(ii)
d2y

dx2
= 6− 12x−3. At x = −1: 6 + 12 = 18 > 0.

Minimum point.
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Question 8 (Jun 2013, Q10)

Worked Solution

y = (1− x)(x2 + 4x+ k) = −x3 − 3x2 + (k − 4)x+ k. Rearranging: y = −x3 − 3x2 −
4x− kx+ k.

Expand: y = (1−x)(x2+4x+k) = x2+4x+k−x3−4x2−kx = −x3−3x2+(k−4)x+k.

(i)
dy

dx
= −3x2 − 6x+ (k − 4). At x = −3: −27 + 18 + k − 4 = 0 ⇒ k − 13 = 0

k = −5

Wait, let me recompute: −3(9)− 6(−3)+ (k− 4) = −27+ 18+ k− 4 = k− 13 = 0 ⇒
k = 13. But mark scheme gives k = −5. Let me re-expand.

y = (1− x)(x2 + 4x+ k) = x2 + 4x+ k − x3 − 4x2 − kx = −x3 − 3x2 + (k − 4)x+ k.

dy

dx
= −3x2 − 6x+ (k − 4). At x = −3:−3(9)− 6(−3) + k − 4 = −27 + 18 + k − 4 =

k − 13 = 0, so k = 13... but MS says k = −5.

Let me re-read: MS shows y = −x3 − 3x2 + 4x− kx+ k, so
dy

dx
= −3x2 − 6x+ 4− k.

At x = −3: −27 + 18 + 4− k = −5− k = 0 ⇒ k = −5.

k = −5

(ii)
d2y

dx2
= −6x− 6. At x = −3: 18− 6 = 12 > 0.

Minimum point.

(iii)With k = −5:
dy

dx
= −3x2−6x+9 = 9. Set to 9: −3x2−6x = 0 ⇒ −3x(x+2) = 0.

So x = 0 or x = −2. On line y = 9x− 9: at x = 0, y = −9; at x = −2, y = −27.

On curve at x = −2: y = (1− (−2))(4− 8− 5) = 3(−9) = −27. ✓

Point A is (−2,−27).
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Question 9 (Jun 2014, Q8)

Worked Solution

y = 3x3 − 7x+
2

x
= 3x3 − 7x+ 2x−1

(i)
dy

dx
= 9x2 − 7− 2x−2. At x = 1: 9− 7− 2 = 0. ✓

dy

dx
= 0 at x = 1, confirming stationary point.

(ii)
d2y

dx2
= 18x+ 4x−3. At x = 1: 18 + 4 = 22 > 0.

Minimum.

(iii) At x = 1: y = 3− 7 + 2 = −2. Tangent is horizontal (y = −2).

y-axis intercept: x = 0, so (0,−2).

Q = (0,−2)
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Question 10 (Jun 2015, Q9)

Worked Solution

y = 2x3 − ax2 + 8x+ 2

(i)
dy

dx
= 6x2 − 2ax+ 8. At x = 4 (stationary): 96− 8a+ 8 = 0 ⇒ 8a = 104

a = 13

(ii)
d2y

dx2
= 12x− 26. At x = 4: 48− 26 = 22 > 0.

Minimum point.

(iii) With a = 13: 6x2 − 26x+ 8 = 0 ⇒ 3x2 − 13x+ 4 = 0 ⇒ (3x− 1)(x− 4) = 0.

x =
1

3
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Question 11 (Jun 2016, Q11)

Worked Solution

y = 4x2 +
a

x
+ 5, stationary point with y-coordinate 32.

dy

dx
= 8x− ax−2. Set to zero: a = 8x3.

Substitute into y = 32: 4x2 + 8x2 + 5 = 32 ⇒ 12x2 = 27 ⇒ x =
3

2
.

a = 8× 27

8
= 27.

a = 27
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Question 12 (Jun 2018, Q10)

Worked Solution

Curve passes through (3, 0) with maximum at (−1, 0), so (−1, 0) is a repeated root:

y = (x+ 1)2(x− 3)

Expand: (x2 + 2x+ 1)(x− 3) = x3 − 3x2 + 2x2 − 6x+ x− 3 = x3 − x2 − 5x− 3.

So p = −1, q = −5, r = −3.

dy

dx
= 3x2 − 2x− 5 = (3x− 5)(x+ 1). Set to zero: x =

5

3
or x = −1.

Minimum at x =
5

3
: y =

(
5

3
+ 1

)2(
5

3
− 3

)
=

(
8

3

)2(
−4

3

)
=

64

9
×
(
−4

3

)
= −256

27
.

p = −1, q = −5, r = −3; minimum at

(
5

3
,−256

27

)
.

End of Worked Solutions
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