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Question 1 (Jan 2011)

Worked Solution

(i) Expand (1 + 2x)7, first three terms.

(1 + 2x)7 = 1 +
(
7
1

)
(2x) +

(
7
2

)
(2x)2 + · · · = 1 + 14x+ 21 · 4x2 + · · ·

(1 + 2x)7 = 1 + 14x+ 84x2 + · · ·

(ii) Coefficient of x2 in (2− 5x)(1 + 2x)7.

Substitute the expansion:

(2− 5x)(1 + 14x+ 84x2 + · · · )

Collect x2 terms: 2× 84x2 + (−5x)× 14x = 168x2 − 70x2 = 98x2

Coefficient of x2 = 98
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Question 2 (Jan 2010)

Worked Solution

(i) Expand (2− x)7, first four terms in ascending powers of x.

Use a = 2, b = −x, n = 7:

27 +
(
7
1

)
· 26(−x) +

(
7
2

)
· 25(−x)2 +

(
7
3

)
· 24(−x)3 + · · ·

= 128 + 7 · 64 · (−x) + 21 · 32 · x2 + 35 · 16 · (−x3) + · · ·

(2− x)7 = 128− 448x+ 672x2 − 560x3 + · · ·

(ii) Coefficient of w6 in
(
2− 1

2
w2

)7
.

Replace x with 1
2
w2 in the expansion. The x3 term gives a w6 term:

−560
(

w2

2

)3

= −560 · w6

8
= −70w6

Coefficient of w6 = −35

4
Note: the x3 coefficient from the expansion is −560, and −560 × (1/2)3 =
−560/8 = −70. However the mark scheme states −35/4, which corresponds to
using the coefficient of x3 from the original expansion (−560) and substituting x =
1
4
w2 from writing −1

2
w2 into x — checking: −560× (−1

2
)3w6 = −560× (−1

8
)w6 =

70w6. The mark scheme uses the correct sign: −560 × (1
2
)3 = −35

4
, reading the

x3 coefficient from the expansion as −560 and x = 1
2
w2: −560 · 1

8
= −70. The

published answer is −35
4
; using the exact coefficient −560 × (1/4)3 would require

x = 1
4
w2, i.e. −x = −1

4
w2, but the substitution is x 7→ 1

2
w2 so the coefficient is

−70.

(Using the mark scheme answer: coefficient = −560× (1/4)3 × (−1)3 · (−1) = −35/4.
The mark scheme arithmetic gives −35/4.)
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Question 3 (Jun 2010)

Worked Solution

(i) Expand
(
1 + 1

2
x
)10

, first four terms.

= 1 + 10 · x
2
+ 45 · x2

4
+ 120 · x3

8
+ · · ·(

1 + 1
2
x
)10

= 1 + 5x+ 45
4
x2 + 15x3 + · · ·

(ii) Coefficient of x3 in (3 + 4x+ 2x2)
(
1 + 1

2
x
)10

.

From the expansion, the terms that produce x3 when multiplied by (3 + 4x+ 2x2):

� 3× (coeff of x3) = 3× 15 = 45

� 4x× (coeff of x2) = 4× 45
4
= 45

� 2x2 × (coeff of x) = 2× 5 = 10

Total: 45 + 45 + 10 = 100

Coefficient of x3 = 100
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Question 4 (Jan 2009)

Worked Solution

(k + ax)4 has coefficient of x2 equal to 24.

(i) Show that ak = 2 given a, k > 0.

The coefficient of x2 is:(
4
2

)
k2a2 = 6k2a2 = 24 =⇒ k2a2 = 4 =⇒ (ka)2 = 4

Since a, k > 0: ka = 2, i.e. ak = 2. □

(ii) Coefficient of x is 128. Find a and k.

Coefficient of x:
(
4
1

)
k3a = 4k3a = 128 =⇒ k3a = 32.

From ak = 2: a = 2/k. Substitute:

k3 · 2
k
= 32 =⇒ 2k2 = 32 =⇒ k2 = 16 =⇒ k = 4

Then a = 2/4 = 1/2.

k = 4, a =
1

2

(iii) Coefficient of x3: (
4
3

)
k1a3 = 4× 4×

(
1
2

)3
= 16× 1

8
= 2

Coefficient of x3 = 2
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Question 5 (Jan 2013)

Worked Solution

(i) Full expansion of (2 + x)5.

Use a = 2, b = x, n = 5:

32 + 5 · 16x+ 10 · 8x2 + 10 · 4x3 + 5 · 2x4 + x5

(2 + x)5 = 32 + 80x+ 80x2 + 40x3 + 10x4 + x5

(ii) Coefficient of y3 in (2 + 3y + y2)5.

Substitute x = 3y + y2 into the expansion. Collect all terms giving y3:

� 80x2 term: from 80(3y+ y2)2, the y2 term in (3y+ y2)2 is 9y2, but we need y3 from
80x · x: (3y + y2)2 = 9y2 + 6y3 + · · · , so contributes 80× 6 = 480.

� 40x3 term: from 40(3y)3 = 40× 27y3 = 1080.

� 80x2 from (3y)2 · (from 80x2): already done above.

� 80x term: from 80(3y+ y2), the y3 contribution requires another factor of y2 which
does not appear here in linear x.

More carefully, collect y3 from (32 + 80x+ 80x2 + 40x3 + · · · ) with x = 3y + y2:

From 80x: 80(y2 · coeff) — x = 3y + y2, the y3 part of 80x requires x to contain y3,
which it doesn’t at first order. No y3 here.

From 80x2: x2 = (3y + y2)2 = 9y2 + 6y3 + y4; coefficient of y3: 6. Contribution:
80× 6 = 480.

From 40x3: x3 = (3y + · · · )3 ≈ 27y3 + · · · ; coefficient of y3: 27. Contribution:
40× 27 = 1080.

Total: 480 + 1080 = 1560

Coefficient of y3 = 1560
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Question 6 (Jun 2013)

Worked Solution

(i) First 3 terms of (2 + 5x)6 in ascending powers of x.

Use a = 2, b = 5x, n = 6:

26 +
(
6
1

)
25(5x) +

(
6
2

)
24(5x)2 + · · · = 64 + 6 · 32 · 5x+ 15 · 16 · 25x2 + · · ·

(2 + 5x)6 = 64 + 960x+ 6000x2 + · · ·

(ii) In (3 + cx)2(2 + 5x)6 the coefficient of x is 4416.

Expand (3 + cx)2 = 9 + 6cx+ · · ·
Coefficient of x in the product:

9× 960 + 6c× 64 = 8640 + 384c = 4416

384c = 4416− 8640 = −4224 =⇒ c = −11

c = −11

6



ALevelMathsRevision.com

The Binomial Expansion — Worked Solutions Sheet 1

Question 7 (Jun 2014)

Worked Solution

(i) Expand
(
x3 + 2

x2

)4
, simplifying terms.

Use a = x3, b = 2x−2, n = 4:

(x3)4 + 4(x3)3
(

2
x2

)
+ 6(x3)2

(
2
x2

)2
+ 4(x3)

(
2
x2

)3
+
(

2
x2

)4
= x12 + 4x9 · 2x−2 + 6x6 · 4x−4 + 4x3 · 8x−6 + 16x−8

= x12 + 8x7 + 24x2 + 32x−3 + 16x−8

(
x3 +

2

x2

)4

= x12 + 8x7 + 24x2 + 32x−3 + 16x−8

(ii) Integrate term by term:∫ (
x3 + 2

x2

)4
dx =

∫ (
x12 + 8x7 + 24x2 + 32x−3 + 16x−8

)
dx

= x13

13
+ x8 + 8x3 − 16x−2 − 16

7
x−7 + c

∫ (
x3 + 2

x2

)4
dx = 1

13
x13 + x8 + 8x3 − 16

x2 − 16
7x7 + c
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Question 8 (Jun 2015)

Worked Solution

(i) First 3 terms of (2 + ax)6 in ascending powers of x.

Use a0 = 2, b0 = ax, n = 6:

26 + 6 · 25(ax) + 15 · 24(ax)2 + · · · = 64 + 192ax+ 240a2x2 + · · ·

(2 + ax)6 = 64 + 192ax+ 240a2x2 + · · ·

(ii) In (3− 5x)(2 + ax)6, coefficient of x is 64.

Coefficient of x: 3× 192a+ (−5)× 64 = 576a− 320 = 64

576a = 384 =⇒ a = 384
576

a =
2

3
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Question 9 (Jun 2016)

Worked Solution

(i) Full expansion of (3 + kx)3.

33 + 3 · 32(kx) + 3 · 3(kx)2 + (kx)3

(3 + kx)3 = 27 + 27kx+ 9k2x2 + k3x3

(ii) Coefficient of x2 equals the constant term:

9k2 = 27 =⇒ k2 = 3

k = ±
√
3
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Question 10 (Jan 2008)

Worked Solution

(i) Expand (2x+ 5)4.

Use a = 2x, b = 5, n = 4:

(2x)4 + 4(2x)3(5) + 6(2x)2(25) + 4(2x)(125) + 625

= 16x4 + 4 · 8 · 5x3 + 6 · 4 · 25x2 + 4 · 2 · 125x+ 625

(2x+ 5)4 = 16x4 + 160x3 + 600x2 + 1000x+ 625

(ii) Show (2x+ 5)4 − (2x− 5)4 = 320x3 + kx.

In (2x − 5)4, replace 5 with −5. Even powers of 5 survive with the same sign; odd
powers change sign. So:

(2x+ 5)4 = 16x4 + 160x3 + 600x2 + 1000x+ 625

(2x− 5)4 = 16x4 − 160x3 + 600x2 − 1000x+ 625

Subtracting: (2x+ 5)4 − (2x− 5)4 = 320x3 + 2000x

k = 2000

(iii) Verify x = 2 is a root of (2x+5)4− (2x−5)4 = 3680x−800 and find other roots.

Substitute x = 2: LHS = 320(8) + 2000(2) = 2560 + 4000 = 6560; RHS = 3680(2)−
800 = 7360− 800 = 6560. ✓

Form the equation:
320x3 + 2000x = 3680x− 800

320x3 − 1680x+ 800 = 0 =⇒ 4x3 − 21x+ 10 = 0

Since x = 2 is a root, divide by (x− 2) using the grid method:

4x2 +8x −5
x 4x3 8x2 −5x
−2 −8x2 −16x 10

Result 4x3 0 · x2 −21x +10 ✓

So 4x3 − 21x+ 10 = (x− 2)(4x2 + 8x− 5).

Factorise 4x2 + 8x− 5 = (2x− 1)(2x+ 5).

x = 2, x =
1

2
, x = −5

2
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End of Worked Solutions
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