ALevelMathsRevision.com
Area Between a Curve and the z-Axis — Worked Solutions Sheet 1

Question 1 (Jun 2010, Q6a)

Worked Solution

Find the exact area enclosed by y = 22 + 4z, the z-axis, x = 3 and x = 5.

5 23
/ (£ +4z)dz = {— - 2x2}
3 3 3

= (1?)—5+50) —(9+18)

12
=?5+50—27

125
=—423

3 +

194
3

5

Area = % = 64
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Question 2 (Jun 2006, Q4)

Worked Solution

Curve: y = 4 — 2. Line: y = x + 2.

(i) Find z-coordinates of intersection:

4—2?=24+2 = 2’+2-2=0 = (z+2)(z—1)=0

z=—-2andx=1

(ii) Area of shaded region (between line and curve):

1 1 22 31!
/[(4—x2)—(:c+2)]dx=/ 2-z—z)dz = |20 — = - —
-2 —2 2 3 _9
Upper (z=1): 2—; —t=132-1
Lower (z = —2): —4—2+§:_6+§:*1§+8:_%
Area=1—(-Q)=14+20 =20 -5 _41

Area = 4%
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Question 3 (Jan 2006, Q8)

Worked Solution

f(x) = 22 4+ ka* — 2 + 6; (x + 1) is a factor.

(i) Show k = —5 and factorise f(z) completely.
f(~1)=—2+k+1+6=k+5=0= k= —5.

f(r) = 223 — 522 — x + 6. Divide by (z + 1): f(z) = (z + 1)(22%> — Tz + 6) =
(x +1)(2z — 3)(x — 2).

k= —=5;f(z) = (x +1)(2z — 3)(x — 2)

2
(ii) Find/ f(x) da:
=
4 g3 g2
903 _ 5y _r e
/(a: 50° —x +6)dx > 3 2+6x
16 40 1 5 1 40 )
(2T oq12) (2+2--—6)=(18-22)—(2-6
(25 202) (a2 =(o5) (-9
40 5
—18—— —246=24—15=9
3 3+

/jf(z)dsz

(iii) The value of 9 does not equal the area because the curve crosses the z-axis within
[—1,2] (at « = 2), so part of the region lies below the 2-axis and contributes negatively
to the integral. The actual area requires evaluating the integrals over [—1, 3] and [2, 2]

separately and summing the absolute values.
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Question 4 (Jan 2012, Q7b)

Worked Solution

8

Curves: y = 623 and Yy = — — 2, intersecting at (1,6). Find area enclosed by both
x

curves and the z-axis.

Region from x = 0 to x = 1 (under y = 6503):

1 6] 12

3
/ brzdr = |— = —
0 - 5

Region from 7 = 1 to = 2 (under y = % — 2 = 8272 — 2; note this curve meets
r-axis at x = 2):

/12<%—2>dx: {—2—242:(—4—4)—(—8—2):—8—(_10):2

1

12 22
Total area = — +2 = —
5 5

22
Area = —
rea 5
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Question 5 (Jan 2008, Q7)

Worked Solution

Curve: y = 22 — 3x. Line: x = 5.

5
(i) / (z® — 3x) dz does not give the total shaded area because the curve is below the
0
x-axis for 0 < x < 3, so that part contributes negatively to the integral.
(ii) Find exact total area:

Region below z-axis [0, 3]:

/03(352 — 3z)dx

Region above z-axis [3, 5]:

5 3 34271° 125 75 27 125 75 27
2— d g x——— g _— — _ — = — — — — _—
/3@ 3z) d {3 2 |, \3 2 775 3 2 7Ty

{x?’ 3&02]3
3 2,

27
3|

125 12 24 125—172
1B gy g1 A B
3 3 1 3
. _ 125 75 | 27 _ 125 _ 125 _ 48
More carefully: = =22 — 2+ 5 —-9=-24-9="2 -2
_ 125 _ 75-27 _ 125
Let me compute step by step: %—%—94—% = %4—#—9 = %—24—9 = 13&—%...
no.
_ _ . 125-27 7527 _ 98 _ 98-72 _ 26
125 75 27 _ @. 250 225 54 81 _ 250—-225-54481 _ 52 _ 26
9 26 27 52 79 1
Totalarea:§ EZE-FE:E:BE

Total area = 13%

(@
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Question 6 (Jan 2007, Q10)

Worked Solution

y=1-—3z"2.

3
(i) Verify intersection with z-axis at (9,0): y=1——==1-1=0V

V9

(ii) Area enclosed by curve, z-axis and = a (a > 9) is 4 square units. Find a.
/ (1—33;—%) do = [az—mérz (a—6va) — (9—18) = a — 6v/a+9
9 9

Set equal to 4:
a—6ya+9=4 —= a—6ya+5=0

Letu=+/a: v> —6u+5=0=(u—1)(u—5)=0=>u=1oru=>5.
Since a > 9: /a =5, so a = 25.

a=25
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Question 7 (Jan 2011, Q9)

Worked Solution

f(z) = —423 + 922 + 10z — 3.
(i) Verify £(3) = 0: £(3) = —108 +81 4+ 30 — 3 =0 v'. Factor: (z — 3).

(ii) Express as product of linear and quadratic factor: —4z® + 92% + 10x — 3 =
(r —3)(—4z*> — 3z + 1)

(x — 3)(—42® — 3z + 1)

J

(iii) Other intersections: —42? —3z+1=0=422+3z—-1=0= (1—4z)(z+1) =0

~

x:%andx:—l

(iv) Total area enclosed by curve and z-axis. Roots at z = —1, x = }l, xr=3.

Curve is positive on (—1, 1) and negative on (1, 3).
/f(x) dzr = —z* + 32° + 52 — 3z

Reglon -1, 3): F(}) = —gs + § + & — § = <Lzl _ o
F(-1)=-1-3+5+3=4

f1/4:_ﬂ_4:_%

-1 256 256 °°°

The curve at (—1, 1) is actually positive (above z-axis). Let me verify: £(0) = —3 < 0.

So the curve is negative between the roots —1 and 4—11!

Actually: f(z) = (z —3)(—42®> =3z +1). At z2=0: (0-3)(—0—-0+1) = (=3)(1) =
—3 < 0. So curve is negative on (—1, ;11) and positive on (%, 3).

Region [—1, 1] (below axis): [F(3) — F(—1)]

Fi)=—m+3 a+5 15 -3 1=~z + 3 T a6~ 2% — 256
F(=1)=—(-1)*+3(-1)3+5(-1)2-3(-1)=-1-3+5+3=4

f_I{4 = —30 — 4 = — 12 (negative, consistent). Area = 522
Region [1, 3] (above axis): F(3) = —81 + 81 +45—9 =36
3 101\ _ 101 _ 92164101 __ 9317
f1/4—36_(_%)—36+ﬁ— 25+6 — 256
_ 1125 |, 9317 _ 10442 _ 5221
Totalarea—%—}-z—% _W_TSN408
5221
Total = —— =~ 40.8
otal area = ——o
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Question 8 (Jan 2016, Q7)

Worked Solution
f(z) = 2® — 32% — x + 3.
(i) Find quotient and remainder when f(x) is divided by (z + 1):

Long division of 2* — 322 —z + 3 by (z + 1):
23 —312 —z+3=(z+1)(2? —4x+3)+0
Quotient: 2% — 42 + 3, Remainder: 0.

Quotient = 2? — 4z + 3, Remainder = 0

(ii) Three roots of f(z) = 0:
(x+1) (2?2 -4z +3)=(x+1)(z—1)(z—3) =0
r=-1,1, 3

Curve C: y = z* — 42% — 222 + 122 + 9.

(iii) Show stationary points satisfy 3 — 32z? — z + 3 = 0:

d

Y g 120 e+ 12 =4 -3 —2+3) =0 = P -3t —2+3=0
T

(iv) Area enclosed by C' and z-axis (one arch from x = —1 to x = 1, above axis). By

symmetry or direct computation:

1 e 203 1
/(x4—4x3—2x2+12x+9)dx: = -zt =+ 62+ 92
. 5 3 .

Upper (z=1): t —1-2+6+9=1%

4
Lower (z=—-1): -t —1+2+6—-9=—1+2-4==3410_4_F 4158

15 15 15
203 (_53) _ 256
15 15/ 7 15

Area =

Area = —
rea = =+
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Question 9 (Jan 2015, Q6)

Worked Solution

f(z) = 23 — 192 + 30.

(i) Express as product of 3 linear factors (x = 2 is a root): (z — 2)(z* + 2z — 15) =
(z —2)(z+5)(z — 3)

f(x) = (x — 2)(x + 5)(x — 3)

(i) Find /_ Z f(z) dz:

4 19 2
/(x3—19x+30)dx:%— 23: + 30z
81 171 625 475
— (== (=2
(-5 +9)-(F-F-w)
— 813421360 _ 625050600 _ 99 _ 9% _ 102 _ 95

/ 3 f(z) dz = 256

-5

(iii) This does not equal the area enclosed because the curve crosses the z-axis at
x = 2 within [-5,3]. The region from z = 2 to x = 3 lies below the z-axis and
contributes negatively to the integral. The actual area requires treating the sub-
intervals separately.

Y

N,

—5 b%??w

above

End of Worked Solutions



