Area Between a Curve and the x-Axis

Q1, (Jun 2010, Q6a)
j.(x1 +4x}ix = [;-::3 E 2x2]§
=3('15:“3 +50)— (9 + 18)

=642!'I3

Q2, (Jun 2006, Q4)
(i) | Intersect where x* +x-2=0=x=-2,1

. 3 1
Area under curve is [4x—1x' |

ie. (4-1)-(-8+%)=9
Area of triangle is 4%

Hence shaded areais 9 — 42 = 4%

OR

Area under curve is I_]E(Z—x—xz }dx
= [—.‘;.x3 —%xz +2_7r]12
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Attempt integration
Obtain '/3x* +2x

Use limits x = 3, 5 — correct order &
subtraction

4  Obtain 64 */; or any exact equiv

For finding x at both intersections
For both values correct

For integration attempt with any one term correct
For use of limits — subtraction and correct order

For correct area of 9

Attempt area of triangle (zbh or integration)

Obtain area of triangle as 4 ¥
Obtain correct final area of 4 V2

Attempt subtraction — either order
For integration attempt with any one term correct
Obtain +[-1*— 1?42

For use of limits — subtraction and correct order
Obtain + 4 ' - consistent with their order of
subtraction

Obtain 4 % only, following correct method only



Q3, (Jan 2006, Q8)

(1) 2+k+l+6=0=k=-5 M1 For attempting f{(-1)
Al For equating f{-1) to 0 and deducing the
correct value of k AG
OR M1 Match coefficients and attempt k
Al Show k= -5
OR B2 Following division, state remainder 1s (0,
hence (x + 1) is a factor, hence k= -5
EITHER: (x + l)(ng —Tx+ 6] Bl For correct leading term 2%
M1 For attempt at complete division by f(x) by
(x + 1) or equiv.
Al For completely correct quadratic factor
=(x+l)(x—2)(2x—3) Al For all three factors correct
OR: f(2)=16-20-2+6=0 M1 For further relevant use of the factor
Hence (x — 2) is a factor theorem
Third factor is (2x — 3) Al For correct identification of factor (x — 2)
Hence f(x) = (x+l](x—2)(2x—3] M1 For any method for the remaining factor
T SRS Al |6 | Forallthree factorscomrect
(11) 2 1 5 1 2 B1V For any two terms integrated correctly
J- f(x)dx = [E x* - Ef - 512 + ﬁx] Bl For all four terms integrated correctly
-1 -1
=[8—ﬂ—2+12]—[l+i—1—6] MI For evaluation of F(2) — F(—1)
3 3 2
ST IS Al |4 | Forcorrectvalued
(111)
Bl For sketch of positive cubic, with three
\ / distinct, non-zero, roots
: Bl |2 | For correct explanation that some of the
/ area is below the axis
1
2




Q4, (Jan 2012, Q7b)

(a) I(xs _6x2 +dx—2 4)17( M1 Expand and attempt in
= if —2x +2x7 = 24x +¢
Alft Obtain at least two correct
(algebraic) terms
Al Obtain fully correct expression,
mnc + ¢
131
5
(b) 3 5 M1 Obtain kx*?
Iﬁx Idx = %_rz 5
Al Obtain %xi , Or any exact equiv
8x 2 — 2)dr = —8x' - 2x | i
.[ ( Ml Obtain at least one of —8x ' and
s —2x
12,2 | 12 , |
5 5 Al Obtain —8x — 2x
0
[8x" —2xf =(-8) - (-10)=2
hence total area = 2_3 Bl State or lmpl}-' [hﬂt pt Df
’ intersection 1s (2, 0)
M1 Use limits correctly at least once
Q5, (Jan 2008, Q7)
(i) Some of the area is below the x-axis Bl 1 | Refer to area / curve below x-axis or ‘negative
area’...
(ii) M1 Attempt integration with any one term correct
Al Obtain '/5x’ - /x*
[%xj —3x° E = (9 —%)— (0 - 0) M1 Use limits 3 (and 0) — correct order / subtraction
=41 Al Obtain (-)4%
[% x' -3 xj]j = (ﬁ - %)— (9 - 3_77) M1 Use limits 5 and 3 — correct order / subtraction
=82 Al Obtain 8%/ (allow 8.7 or better)
Hence total area is 13'/4 Al 7 | Obtain total area as 13/ , or exact equiv

SR: if no longer [f(x)dx, then B1 for using
[0, 3] and [3, 5]



Q6, (Jan 2007, Q10)
i 0=1-

3
75

) [1-3xtax =[x -6V

= (e-6va)-(o-6v9)
=a-6Ja+9

a-6Ja+9=4
a-6Ja+5=0
(Wa -1)Ja -5)=0
Ja=1a=5
a=1,a=25
buta>9,s0 a=25

Bl

M1

Al
Al
M1

Al

M1
M1

Al

Al

Verification of (9, 0), with at least one step shown

Attempt integration — increase in power for at least 1 term

For second term of form kx”
For correct integral

Attempt F(a) — F(9)

Obtain 4— 6.JE +9

Equate expression for area to 4
Attempt to solve “disguised’ quadratic

Obtain at least/g =5

Obtain a = 25 only



Q7, (Jan 2011, Q9)




(i) fi3)=-108+81+30-3=0 Bl Show that f{3) = 0, detail required Substitute x = 3 and confirm 1{3) = 0 — must show detail of
hence (x — 3) 1s a factor substitution rather than just state f{3) = 0.
Allow f{3)=-4x3 +9x 3 +10x3-3=0for BL.
Bl State (x — 3) as factor Mot dependent on first B1.
(allow (3 — x) as the factor) Must be seen in (1) so no back credit from (i1).
Allow if not exphicitly stated as factor (and allow fix) =x - 3).
Ignore other factors 1f also given at this stage.

i) flx)=(x-3) -4 -3x+1) M1 Attempt complete division by (x - 3), or Must be a full attempt to find three term quadratic.
or equiv Can use inspection, but must be a reasonable attempt at middle
fix)=1(3 —x]{df + 3x - 1) term, with first and last correct.

{allow division by (3 —x) ) Can use coctficient matching, but must be full method with
or reasonable attempts at all 3 coefficients.
Allow M1 1if actually factonsing —f{x).
flx)=(x+ 1) -4 + 13x - 3)
or Al Obtain —4x" —3x+cor —dx" + bx + | ¢, b non-zero constants.
fix)=(—x- l]nl{llJf2 - 13x+3) First option 15 likely to come from division, second option from
{or the negative of these if dividing by inspection. Coefficient matching could lead to either.
ar (3-x)) Allow Al for negative of either of these from factonsing —fix).
fix)=(1- 4_:'}{‘1‘2 -2x-13) Al Obtain (x — 3 4yt - 3x + 1) MNeeds to be written as a product as per request in question paper.
or Allow —(x—3)(4x" +3x— 1), but (x - 3)(dx" + 3x - 1) is AD.
fix)=(dx - 1} -+ 2+ 3) {or(3 - x]l{-llx: +3xr-1)) ADif now 3 linear factors and product of linear and quadratic
Never seen.
If using one of the other two correct factors then all three marks
are available, and apply mark scheme as above 1e M1 for full
attermpt at division or equiv, Al for lead term plus one other
correct and Al for product of linear and quadratic.
SR: If candidates initially state three linear factors and then
expamd to get the product of a linear and quadratic as requested
award B3 if fully correct and simplified otherwise B0,

iiii) Ay -3x+1=0 M1 Attempt to solve quadratic If factorising, needs to give two correct terms when brackets
(1=dx)(x+1)=0 expanded. If using formula allow sign slips only - need to
x=MW,x=-1 substitute and attempt one further step. If completing the square

must get to (x + p) = £¥g. with reasonable attempts at p and g.
Al 2  Obtan (%, 0) (=1,0) Condone only x values given rather than coordinates.

Allow 1f x = 3 15 still present as well.



(iv) j{tx}dx= —x* 43 57 3

F(3) - F(%) = (36) — ( ""/2s6) = 36'" 254
F(¥4) = F(=1) = ("""/256) — (4) = -4"" 355

Hence area = 36“";‘15& + 4":"}356 = 4[!'"14‘[3“

Bl

M1*

Al

M1d*

Al

Obtain —x* +3x +5x% -3y
Attempt F(3) - F( Y )

or F{ ¥ ) - F(-1)

Obtain at least one correct area, including
decimal equivs

Attempt full method to find total area
including dealing correctly with negative
arca

Obtain 40"/ 35 0r *Y,2: or 40.8

Allow unsimplified coefficients.
Condone + ¢.

Allow use of incorrect limits from their (111).

Limits need to be in correct order, and subtraction.

Allow slips when evaluating but clear subtraction attempt must be
seen or implied at least once.

If minimal method shown then it must appear to be a plausible
attempt eg F(3) = 198 or even F(3) - F[ % ) = 198.4.

Obtain 36'"/25s or **'"/1; or 36.4

or — 4““.":_;6 or — ”151356 or—4.4

Can get Al if both areas attempted and one 15 correct but the other
1sn't.

Need to see modulus of negative integral from attempt at

F( % ) — F(-1) (just changing sign from —ve to +ve is sufficient).
If values incorrect in (1ii) then can only get this mark if their
integral gives negative value.

Need to have positive integral from F{3) - F{ Y ).

Allow exact fraction (including unsimplified ie ""*/25), or
decimal answer to 3dp or better (rounding to 40.8 with no errors
scen)

SR: If candidate attempts F(3) — F( % ) and F{-1) - F( % ) as an
alternative method for dealing with negative arca then mark as
B1 correct integral

M2 complete method

Al obtain one cormect area

Al obtain correct total area

Any attempts using this method must be fully supported by
evidence of intention, especially -1 as top limit and % as bottom
limit used consistently throughout integration attempt. It should
not be awarded if candidate appears to have simply confused their
order of subtraction.




Q8, (Jun 2016, Q7)

(i)

Q=x"—4x+3
R=0

MI

Al

Attempt complete division by
(x + 1), or equiv

Obtain fully correct quotient

Must be complete method to obtain at least the
quotient (ie all 3 terms attempted) but can get M1AL if
remainder not considered
Long division - must subtract lower line (allow one
slip)
Inspection - expansion must give at least three correct
terms of the cubic
Coefficient matching - must be valid attempt at all
coetls of the quadratic, considering all relevant terms
each time
Synthetic division - must be using -1 (not 1) and
adding within each column (allow one slip); expect to
see
S I I -1 3
-1 4 (-3)

[T 4 3 (0)
The wvalues in brackets come from attempting R and
are not required for M1

Quotient could be stated explicitly, seen in division
attempt or in a factorised expression for f{x).

Do not ISW if their explicitly stated quotient
contradicts earlier working (eg correct in division but
then stated as *quotient=3")

If using coefficient matching then 4 =1, B=-4, C=3
is not sufficient for Al.



Al

Obtain remainder as 0, must be
stated explicitly

Mot sufficient to just see () at bottom of division
attempt (algebraic or synthetic)

Allow “no remainder” for ‘remainder = (1

f{—1) = 0 15 not sufficient for Al unless identified as
remainder

If coefficient matching then allow £ =10

SR B1 for remainder of () with nothing wrong seen - it
could just be stated, or from f{—1), and could follow
etther M0 or M1 for attempt to find quotient. However,
if remainder is attempted both by division attempt and
f{—1) then mark final attempt at remainder

[3]
(ii) X —dx+3=(x—Dx-3) M1 Attempt to solve their quadratic Allow for solving any three term quadratic from their
quotient attempt at quotient, even if MO in (i)
hencex=-1,1,3 See additional guidance for acceptable methods
Could now be a different quotient if there 1s another
division attempt with the factor as (x— 1) or (x — 3)
Al Obtainx =1, 3 MI1AL if both roots just stated with no method shown
(but no partial credit if only one root correct)
Bl State x = -1 Independent of M mark
B0 if x =—-1 1s clearly as result of solving their
quadratic quotient only
Must be seen in (ii) - no back credit if only seen in (i)
3]
(iii) E =4y — 12" —4x + 12 M1 Attempt differentiation Decrease in power by | for at least 3 of the terms
dr — 12¥ —4x + 12 =0 (could include 9 — 0)
hence ¥ — 3 —x+3=0 AG Mot sufficient to substitute their roots to show vy =10
Al Equate to 0 and rearrange to given | Must equate to 0 before dividing by 4

12]

ANSWET




(iv)

[lﬂxs —x' - %xa +6x° +9x]3_|

NONE.

51
is

()

MI1#*

Al

Ml1d*

Al

14]

Attempt integration

Obtain fully correct expression

Attempt correct use of correct
limits

Obtain *'/,s. or any exact equiv

Increase in power by 1 for at least 3 of the terms
Must be integrating equation of curve, not fix)

Allow unsimplified coefficients
Allow presence of + ¢

MNo follow-through from incorrect roots in (ii)

Must be F(3) — F(—1) ie correct order and subtraction
Could find area between 1 and 3, but must double this
for M1

If final area is incorrect then must see evidence of use
of limits to award M1; if all that is shown is the
difference of two numerical values then both must be
correct eg just [%] = {—% = % is M0 as no evidence
for second term

Decimal equiv must be exact ie 34.13. so A0 for
34.13, 34.133... etc

Allow Al if exact value seen, but followed by decimal
equiv

Answer only is (/4 - need to see evidence of
integration, but use of limits does not need to be
explicit




Q9, (Jan 2015, Q6)

(i)

f(x) = (x — 2)(* + 2x — 15)

=(x—2Nx+5)Nx-3)

Bl

M1

Al

Al

[4]

State or imply that (x—2) isa
factor

Attempt complete division, or
equiv

Obtain correct quotient of
¥ +2x— 15CWO

Obtain (x — 2){x + 3)x - 3)

Could be stated explicitly, or implied by using it in an
attempt at the quotient or a factorisation attempt
Could also give (2 — x) as the factor

Must be dividing by (x — 2), or by one of the two other
correct factors (or the negative of any of these factors)
No need to show zero remainder as told that x = 2 1s a root
Must be complete method - ie all 3 terms attempted
Long division - must subtract lower line (allow one slip)
Inspection - expansion must give at least three correct terms
of the cubic
Coefficient matching - must be valid attempt at all coetfs of
quadratic, considering all relevant terms each time
Synthetic division - must be using 2 (not -2) and adding
within each column (allow one slip); expect to see

211 0 -19 30

2 +4

|1 2 -15

Or correct quotient for their factor

Could be stated explicitly, seen in division attempt or
impliedby A=1,8=2 C=-15

Must be written as a product of the three linear factors
Allow any equiv eg (2 —x)(x + 5)(3 —x)

Full credit for repeated use of factor theorem, or just
writing down correct product

Ignore any subsequent reference to roots

SR A fully correct factorisation resulting from division by
(x+ 5) or (x —3) can still get full credit, even though the
root of x = 2 was not used



(ii)

Lopd _ 1042y 3ll1r]i

4

5

=24.75 - (- 231.25)

=256

MI1*

Al

M1d*

Al

141

Attempt integration

Obtain correct integral

Attempt correct use of limits

Obtain 256

Increase in power by | for at least 2 terms

Could also have + ¢ present; condone dx or [ still present

Must be F(3) — F(-3)

Must be attempting the value of the requested definite
integral, so MO if instead attempting area (ie using x =2 as
a limit)

Al for 256 + ¢
Answer only 1s 4 - need to see evidence of integration, but
use of limits does not need to be explicit

(iii)

Sketch positive cubic with 3 distinct
roots

Some of the area is below the x-axis
which will make negative
contribution to the total

Bl

Bl

12]

Sketch fix) for-5=x=3

Explanation referring to the area
below the x-axis giving a negative
value

Must be a positive cubic

Allow if maximum point s on y-axis

No need for roots to be labelled, but need one negative and
two positive roots (or ft from an incorrect factorisation in (i)
- could have fewer than 3 roots shown if this is consistent
with their roots in required range)

Graph must be sketched for at least =5 = x < 3, but it is fine
if more is shown — only penalise explicitly incorrect roots

BOB1 is possible (including following no sketch at all)
Need to mention "negative’ and identify the relevant area in
some way eg 'below x-axis' or 2 = x = 3 or clear shading
Just referring to some area below x-axis is insufficient, as is
any reference just to negative area

B0 for statements indicating that some area is ignored /
cannot be calculated within an otherwise correct statement
A reason 1s required as to why (i1) is incorrect - it 18 not
sufficient to just state that the actual area is larger, or to just
describe how to find the area



