ALevelMathsRevision.com
Simple, Forced and Damped Harmonic Motion Exam Questions (From OCR 4758)

Q1, (Jan 2006, Q1)
In an electric circuit, the current, I amps, at time  seconds is modelled by the differential equation

dI dl
-+ 6—+ kI = e,
di- ds ©

where k is a positive constant which depends on the capacitor in the circuit.

(i) In the case k = 8, find the general solution. [8]

(ii) In the case k& = 9.find the solution given that initially the current is 1.5 amps and % = 0.
i

State the limiting value of the current as ¢ tends to infinity. [12]

(iii) Show that, for all positive values of k., the complementary function for this differential
equation will tend to zero as f tends to infinity. [4]

Q2, (Jun 2006, Q1)

The displacement x at time  of an oscillating system from a fixed point is given by
x+24x+5x =0,
where 4 = 0.

(i) For what value of 4 is the motion simple harmonic? State the general solution in this case.

[3]
(ii) Find the range of values of A for which the system is under-damped. [3]
Consider the case 1 = 1.
(ifi) Find the general solution of the differential equation. [3]
When r = 0, x = x; and x = 0, where X, is a positive constant.
(iv) Find the particular solution. [4]
(v) Find the least positive value of ¢ for which x = 0. [3]

Mow consider the case A = 3 with the same initial conditions.

(vi) Find the particular solution and show that it i1s never zero for t = 0. [8]
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Q3, (Jun 2007, Q1)

An object is suspended from one end of a vertical spring in a resistive medium. The other end of
the spring is made to oscillate and the differential equation describing the motion of the object is

v +4y+ 29y = 3cost,

where v is the displacement at time ¢ of the object from its equilibrium position.

(i) Find the general solution. [11]
(ii) Find the particular solution subject to the conditions vy = y = 0 when t = 0. What is the
amplitude of the motion for large values of ? [8]

(ifi) Find the displacement and velocity of the object when ¢ = 107, (2]

At t = 107, the upper end of the spring stops oscillating and the differential equation describing
the motion of the object is now

y +4y+29y = 0.

(iv) Write down the general solution. Describe briefly the motion for t > 107 [3]

Q4, (Jun 2008, Q1)
Fig. | shows a particle of mass 2kg suspended from a light vertical spring. At time ¢ seconds its

displacement is x m below its equilibrium level and its velocity is vms™' vertically downwards. The
forces on the particle are

]
* its weight, 2g N
* the tension in the spring, 8{x + 0.25g) N
* the resistance to motion, 2kv N where k is a 1 ;—':f;]lihﬁum
positive constant.
xm
[ ]
Fig. 1

(i) Use Newton’s second law to write down the equation of motion for the particle, justifying the
signs of the terms. Hence show that the displacement is described by the differential equation

d°x  dx
F+k5+4.i‘=ﬂ_ [4]

The particle is initially at rest with x = (0.1,

(ii) In the case k = 0, state the general solution of the differential equation. Find the solution, subject
to the given initial conditions. [4]

(iii) In the case k = 2, find the solution of the differential equation, subject to the given initial
conditions. Sketch a graph of the solution for 7 = (. [11]

(iv) Find the range of values of k for which the system is over-damped. Sketch a possible graph of
the solution in such a case. [5]
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Q5, (Jun 2009, Q1)

A car travels over a rough surface. The vertical motion of the front suspension is modelled by the
differential equation

d*y
— + 25y = 20co0s 51,
dr? y

where v is the vertical displacement of the top of the suspension and 7 is time.

(i) Find the general solution. E]
dy
Initially v = 1 and — = (.
nitially y an %
(ii) Find the solution subject to these conditions. [4]

(iii) Sketch the solution curve for r = 0. [4]

A refined model of the motion of the suspension is given by

dl , dv
Y 122 25y = 20cos 5.
dr? dr -

(iv) Verify that v = 2 sin 5r is a particular integral for this differential equation. Hence find the general

solution. [6]
(v) Compare the behaviour of the suspension predicted by the two models. [2]
Qs6, (Jan 2010, Q1)

A particle is attached to a spring and suspended vertically from an oscillating platform. The vertical
displacement, v, of the particle from a fixed point at time ¢ is modelled by the differential equation

d’y _dy
d—£+ﬁd—':+9}'=ﬂ_ﬂsinr_

(i) Find the general solution. [9]

Initially the displacement and velocity are both zero.

(ii) Find the solution. [5]
(iii) Describe the motion of the particle for large values of 1. [2]
(iv) Find approximate values of the velocity and displacement at r = 207, [3]

The motion of the platform is stopped at = 20x and the differential equation modelling the subsequent
motion of the particle is
a3y dv
—j,r+ﬁ e + 9y = (.
dr- dr -

(v) Write down the general solution. Sketch the solution curve for r > 20m. [5]
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Q7, (Jun 2013, Q1)

A particle is attached to a spring and suspended vertically from a point P which is made to oscillate vertically.
The wvertical displacement, x, of the particle from a fixed point at time 7 is modelled by the differential
equation

2
2%+ 3%+ X = Cosl
!

(i) Find the general solution of the differential equation. |8]
Initially the displacement and velocity of the particle are both zero.

{ii}) Find the particular solution and sketch its graph for large positive values of 7. [6]
(iii) Find approximate values of the displacement and velocity at r = 107. |31

The point P stops oscillating at ¢ = 107 and the subsequent motion of the particle 1s modelled by

diy | .dx ,
Edrz +3dr+x— 0.
(iv) Determine the type of damping present. 12]
(v) Using the values obtained in part (iii), find the particular solution for this motion. I5]
Q8, (Jun 2015, Q1)
The displacement, xm, of a particle at time 7s 15 given by the differential equation
dx | dr
F+EE+25.T = ().
Initially the particle 1s at the origin and has a velocity of i—ms :
(i) Find the particular solution for x. |8]

(ii) Find the maxamum displacement of the particle from 1ts mitial position, giving your answer correct to
3 sigmificant figures. 4]

(iii) Describe the behaviour of your solution for large values of 1. 1]

In a different situation, an additional force 1s applied to the particle and the differential equation satisfied by
x1s

Y

dx 4 g 55y = SsinSr.
dr- dr
(iv) Using the same imitial conditions as in part (i), find the new particular solution for x. [10]

(v) Describe the behaviour of your new solution for large values of 1. 1]




