Centres of Mass Involving Integration (From OCR 4763)

Q1, (Jan 2006, Q4)
(i) 2 2
j_\‘dx=J‘(4—x2)dx =[4x—%x3] (=|?6) Bl
0 0
j.\;\-‘d\'=J-x(4—x3)dr
0 Ml
—~-[2.\'3 -%x‘ ]; (=4)
- 4 Al
X :E
3
=0.75 M1
El Correctly obtained
I%_\':dt=J-%(lb—8.r3+_t‘)dt M1
0
1 2 128
=[se-42 482} =) Al
.................. e S e
OR | yxdy=J ya4— ydy
Q
) \ MI Valid method of integration
, : 3 3 s*
'l -$4-y)? -4 -y)’ J Al or [-%(4- ¥ +3@d-y)? }
o 0
........... S s B
V=1t Ml
3
e El Correctly obtained
9 SR If -'- 1s omitted, marks for ¥
are  MIAOMOEO
(ii) T 12x0+65x0.75+65x275 Ml For 65x0.75+65x2.75
12+65+65 Ml Using (X m )5 =3 mx
2275
= =0.91
25 Al
—_12x0+65x1.6+6.5x1.6 . -
y= 33 M1 Using (Zm 5= my
20.8
= — =832
25
Al
5
(iii) MI For CM vertically below A
MI For trig in a tnangle containing
P T A R 8, or finding the gradient of AG
4-0832 3168 Al Correct expression for tang or
tan(90 - &)
=12 Al Accept 0.33 rad




Q2, (June 2006, Q4)

(i)

~4
Izry: drx = J Txdy
1

= may be omitted throughout

M1
: "
=['3/rx ]l =757 A1
I;r xy dx
M1
4
=I|;r.\‘d.f —[-;-)rxs] (=21x) Ad
- 2=
X=
1.57 M1
=28
A1
6
(ii) |Cylinder has mass 3z p B1 Or volume 3z
Cylinder has CM at x=25 B1
M1 Relating three CMs
(4.57 p)X + (37 pX2.5) = (757 p)2.8) A1 (p and /or = may be omitted)
or equivalent, e.qg.
. (7.57 p)(2.8) — (37 p)2.5)
‘ 15z p-3mp
=3 E1 Correctly obtained
5
(iii)(A) |Moments about A, §x3-96x2=0 M1 Moments equation
S=64N A1
Vertically, R+S5=96 M1 or another moments equation
Dependent on previous M1
R=32N A1
4
(B) |Moments about A, M1 Moments equation
§x3-96x2-6x15=0 A1l
Vertically, R+S=96+6
R=35N, §S=67N A1 Both correct
3
OR Add 3N toeachof Rand S M1 Provided R+ S
R=35N, §S=67N A2 Both correct




Q3, (Jan 2007, Q4)

(i)

~a

AreaisJ L,d.\'=[—-l-} M1
P = > 3 ¥
1
aa A1
-[xydx =J1 ;dx (=Ilna) M1
_ I.\'ydx
X=
[yax M1
Ina alna
l‘; A1
’ (& 1
Lyldx =J —d\‘=[———
J" 1 21’4 6x3
| I M1 Condone omission of +
M, § PRl 2
6( a’]
e
y==
I,\-'d\'
l( I M1 ( + needed for this mark )
_g\l_a_5]_ a’ -1
l_l 6(“3 ’a:)
a E1
(i) (When a=2, ¥=2In2, =5
,an9=_-l£;_l. M1 CM vertically below A
_.‘,‘
_2In2-1
-+ A1 Correct expression for tané or
g =28.6° tan(90 — @)

A1




Q4, (Jun 2007, Q4)

(a) 2 ° 2
Area is I x dx =[%x" ];:4 Bl
0
JI}'C‘.\’ =fx4dt M1
0
- _%xs ]; =64 Al
- 64
X=w—=1.6
3 Al
J';_\'z dr = j Tx%dx Ml Condone omission of +
i 2
+ 12 64
=[+4-‘ ]o i Al
_ P
V=== Ml
e
Z 16
= —;- i Al Accept 2.3 from correct working
(b)(i) MY -2 o x may be omitted throughout
Volume is J Ty dx =J 7(4—-x")dx Ml
1
=fz'[4x—%x3 ];=-§-;r Al For £
Jrr.t_vzdr =J zx(4 - x*)dy Ml
|
=41’[2.\’1——x‘ ]f:%;{ Al For%
-‘_.P:Izrx_):'dx M
j;ry‘dx
2r 27
=4 —==135 El Must be fully correct
I 20
Height of solid is & =23 Bl _
(ii) Th=mgx035 II:rll 1 Taking moments
F=T=010lmg, R=mg
Least coefficient of friction is % =0.101 Al Must be fully correct

(e.g. AOIf m=2x isused)

3



(i)

a

Volume is J;:'y2 dx =/tj dex
1 X

5,507
|

A
sl ssemce )
_2 a-)_ 3a -a)

E(I_L)—z(as-”
iU &

Since a>1, a' -a<a' -1
Hence .?<-;}, 1e. x<1.5

M1

A1

M1

M1

A1

M1
E1

~ may be omitted throughout

Any correct form

orx—lS5asa—»>»

Fully convincing argument




Q5, (Jan 2008, Q4)

(i) (e = may be omitted throughout
I =J a(x * )y dr M1
1
{ 3
=7 3x5] =3
Ed) A
8
I ?=J gx(x ) dx
I M1
4 3
=;r[-i-\'7] =£;r
v 4 A1
e
X =
]35” M1 Dependent on previous M1M1
= —= 5
2 3.75
A1
i R !
i) 4=J X Idt M1
|
y 18
i 9
.l E = o—=
_|:2Y Jl 2 45 A1
8 1
4:\’=J x(x 7 )drx
I M1
< 5
={%ﬁ] 2 w186
L . A1
Fwal 62 o di3) A1
S5 15
o !
h’:J L(x ) de M1 If + omitted, award M1A0AQ
1
8
S agy |73
Lo -
s Ls 1
45 3 Al




Q6, (Jan 2009, Q4)

(a) 1.2 & 1 2 2
I':'«" dt:[ 7@ —x")dx Ml For integral of (a” —x7)
=[ %(alx—%\‘l) ]‘i
2.3
=34 Al
__ 32
y= 5
ira M1 Dependent on previous M1
..
3z El
4
(b)(i) 7 may be omitted throughout
[
V= J';r__vz dx = J x(mx)? dx Ml For integral of x*
: oruse of V¥ =1zr*h and r=mh
2.3 2,3
=[§-1rmx ]”=-§-;rmh Al
i
I)rx,v' dx = L zx(mx)” dx Mi For integral of x’
[
o b O 2.4 e | 2.4
-[I;rmx ]0—4mnh Al
_ tam’i’
X =
- amh’ M1 Dependent on M1 for integral of
3
=%;, X
El
6
(i) | m =Li7x07*x24p=1Lapx1.176
VG, =18
—Llrx0.42 -1
m; =3 xxla sl lo=smox0.170 Bl For m, and m, (or volumes)
VG; =1.3+4x1.1=2.125 Bl or +x1.1 from base
(my —ms AVG)+ms(VG; ) = my (VGy) Ml Attempt formula for composite
(VG)+0.176x2.125=1.176x1.8 Fl body
Distance (VG)is .74 m Al
5
(iii) | VQG 1s a right-angle Ml
VQ=VGceosd where lan0=% (0 =16.26°) Ml
s 24 .
VQ=1.7428x =
=1.67m Al ftis VGx0.96




Q7, (Jun 2010, Q3)

()

-5 4

& may be omitted throughout

Volume 1s J R’(L) dx Ml Limits not required
x
1
B i l
=ﬂ’|:——] (:—-}[) Al For——
> 2 B x
-5 2
Jﬂ'x\ dx =J frx(;-) dx Ml Limits not required
l )
5
—x[hx ] (=xIn5) Al For Inx
1
X= xlns = sin3 (2.012) Al SR If exact answers are not seen,
ir 4 5|  deduct only the first A1 affected
(ii) .
Area 1s ;d\' Ml Limits not required
1
5
=[Inx ] (=In5) Al For Inx
t
e 3 s ¥ :
J ipde = I x{-—} dé i =[ o ] -4) Ml Limits not required
1 \¥ 1
Fe—  (2.485) Al
In5
s l\: "1 2
Jg N =I .}T(_J dx Ml For J (—) dr
2 : “\x X
k% 2 l
= — em— ( = — ) Al FOI’ e
2x |, 5 2x
"
so 2 (0.2485 ) Al
In5 S5SInS§ 7
(iii) e N [ 2 4 ) Do not penalise inexact answers in this
of R, 1s , — :
2 5InS’ 5 BIBI ft i part
(iv)
Bl ForCMof Ry is (4, 1)
(one coordinate 1s sufficient)
4 ? | Ml Using me with three terms
(lnS)(—]HlnS)(—J-'r(l)(Jz-)
X= In5 3ln3 M1 Using me with at least two terms
In5+In5+1 Zm
9 A in ¢
(&Y is( o ) CLIGL, LIBE) |Aves; |MReAhsm
2In5+1 2In5+1 4



Q8, (Jun 2013, Q4)

(@) | @) 4 2
V= J X (4-x)dx M1 For j (_\'\/ 4- x) dx 7 may be omitted throughout
0
1 4] 64 45 1
=x| =x'-—x' |  (=—) Al | For =x* ——x*
3 Bl 0 3 3 4
4 9
l:\:=I}N‘\ d\‘zJ’ ;rx3(4—x)dr M1 For _(.\jv‘dr
0
P by -
=z{x4——x’] (=512r) Al | Forx'—=¥
5 0 5
- - IV2T
= %.1” MiI Dependent on previous MIMI
=24 Al
[6]
(a) | (i) MI Taking moments
. W(2.4cos@)=W(4sing@) is A0 unless
W(2.4 =W (4cos@ W— ,
(2.4sin8) (4cos@) Al FT Correct equation for required angle 9=00°—¢ also sppesrs
24 3
#=59.0° (3sf) Al FTis tan”' é FT requires ¥ <4
X

131




(b)

1
x=2+y3
$ 1
3
A= (2+}‘3)dy :[2-‘r+_}v
0 4
-8
AxX = %xld)=J 4(4+4}3+
2 .2
3 4 1 g
=| 2y+—y3 +—y3
334
49, 6
=—6=-—2=l.77 (3 sh
28 35

8
‘4'-,- = _‘:‘r d): = J (2.‘1 + -‘v.§ )d}-
0

2.3 §]“ 832
=l y +=» (:—)
= e &
832
5 208
=L ="—=424 (3sf)
GEETIPT ’

Region under curve has CM (3.6,

28¥ +4x3.6=32x2
x=177
28_T?+4xl79-=32x4
y=424

1)

Bl

Bl

M1

Al

Ml

Al

Al

4 J-

-

FT

For j'xz dy

3 4 3 3
FT for 2y+=—y3 +—y3
’ 2) IO)

Give BI for one minor slip in integration,
or if 2 omitted

CAO

For j.\’_\v'd_v

FT for ),2 + 3)&
7

CAO

B2B2

B1 (for28)
Ml
Al

Ml
Al

Or 32-[}(;:-2)4 ]4

2

Or 32x2- I: xydx

Or L(x- 25 4 Lx-2)*

s

s s
Or +x(x-2) —ak(%=2)

ori

2
Lt —3xf 44y’ -4y

Must be X
Or 32x4- [ (1)y* dv

Or B2 for L (x-2)’

Give B1 for one minor slip in
integration, or if ¥z omitted

Must be y

.............................................

For integrals, as above




Q9, (Jun 2014, Q4)

(i) X 2
Volume is J n(e"‘) dx M1 & may be omitted throughout
0
5y Tk
=n[—%e"x ] {=Llp(l-e )] Al For —le™*
- D - -
I m‘yz dx Ml
k o 4 oy Tk
=L) nxe dxzn[ —-1xe - e ]0 AlAl | For —%.\‘e 2* and —-le™*
=sn(l — ke~ —e72k)
_ 1=k o
X= = Al Any correct form
2(1-e™)
R . e N -
21-e2) 201-c2%) 2 -1
171
@) OR -,kl\— >0 o.e. stated or implied
OG <3 for all values of & Bl e -1
Allow ¥ — as k— o for Bl
M1 Trigonometry in OAP or OAG
1 A
OP=(l)tan30°=$ (=0.577) Al |Or OAG<tan™'} (=26.6°)
OG < OP (or OAG <30°) so G is to the rnight of El Fully correct explanation

AP and solid will not topple

[4]




(iii)

Area is J

I xydx

rk

0

e dx

B D e
Xi= =

l-e
I-é—_rl dx

Bl
Ml

Al

Al

MI

Al

Al

171

Any correct form

For I\l dx

Any correct form

eg %(l +et)



(Q10, Jun 2015, Q4)
(a)

Area is J

fovs

a

L)

3

- 34
X =

1 2

Ea

“x*(a-x)

dx

30 4 5
X (a’ x)d =[L_ \"
a” 4a S5qg°
_3a
5
a4 2
I%yzde FEA)
2 5 204
X x° x| ‘
2 =% Vg
10a® 6a” 144" |,
2a

" 3
a
} (='2—0)
]
3
a
=30

Ml

Al

Ml

Al

Al

Ml

A2

Al

191

For I y?dx

Give Al if just one error
(e.g. omission of factor ¥2)




) | @) 3 :
Volume 1s J m(x~ +16)dx MI 7 may be omitted throughout Condone consistent use of 2y~ etc
0
¥ 3
= T+l6x (=57r) Al
0
J' IZ'X}-'z dx MI
3 4 3
=J a2 +10)dx =x| 482 | (=2%2r)
o 4 4 Al
369
27
¥=-3 123 (=162) Al
ST 76
51
(b) | (i) | volume of 4 and B combined is 7 x 52 x3="757
Ml CM of composite body
(187)x, + (571!)(%) =(757)(1.5) A2 Give Al if just one error FT values from (1)
OR 3 A
f 7x(25- (x* +16)) dx Ml
0
- ﬂfr Al
4
— 81
(ler)xB=—4-7r Al FT
SO
.r3=§ (=1.125) Al CAO

[4]




